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This establishes Claim 2.

Next, we show that the number of zeros of u.(-,t) and the number of connected components
of £,/2(t) is conserved, and that the zeros and the connected components depend continuously on
t. From Claim 2 and the fact that ||u(:,?)||c2 < oo for all ¢ > 0, it is clear that at every t € [0, 00)
L,2(t) possesses a finite number of connected components [a;(t), b:(t)] (0 < a1(t) < b1(t) < ... <
an(t) < dn(r) < 1), in each of which u(-,) is strictly monotone and has exactly one zero z;(t).
Also, N(t) > 1 because the boundary condition u(0,t) = u(1,t) = 0 implies that u.(-,t) must have
at least one zero. We would like to prove that N(t) is constant and that the a;, b;, z; depend
continuously on t € [0,00). To this end, we apply the implicit function theorem, respectively, to
the equations

. ug(z,1) - p/2
9(z,8) = { uc(z,t)—p/2 =0,
us(z,t)
noting that by Theorem 2.1(d), g, g € C((0,1) x [0,00)) and that at each zero (zo,%0) € (0,1) x
[0,00) of g, |9:| > K/2 by Claim 2. That is, for each to the set {g(zo,20) : (zo,%0) is a zero of g}
does not contain a critical value (with respect to z) of g(-,20). Hence by the implicit function
theorem, the number of zeros of g(-,t) is independent of t (i.e. N(t) = const =: N), and the zeros
a;i(t), bi(t), zi(t) depend continuously on t. This proves (P1) and (P2).

Proof of (P3). From Claim 1 and from arguing as in our above analysis of £,/2(t), we can write
L) = Uﬁ'___l[a;(t),ﬁ;(t)] for0<a(t)<pit) <...< an(t) < Bn(t) < 1, where the a;, B; depend
continuously on t. Now from £,5(t) C L(t) C £,(0) we deduce

[o:(), b:(t)] € [es(t), i) € [af, 8] for alli, (4.38)

proving the first part of (P3).
The second part of (P3) was already proved in Claim 2.
The third part of (P3) is a trivial consequence of the second part: For all i, ¢ we have

bi(t) K
p= lush()0 - we@@.01= [ hus.012 O - aOIg . (439)

Proof of (P4). The key to understanding (P4) lies in the monotonicity property stated as Claim
1(i) above, which implies [a;(t), Bi(t)] € [@i(to), Bi(to)] for all t > to > 0. That is, the [a;(t), Bi(t)]
form a nested family of intervals. Since

zi(t) € [ai(t), b:(t)) € [ai(?), Bi(t)) € [a?, 1)),

it is enough to prove 3
1Bi(t) - @i()] < Ze™ (4.40)

But this follows readily as in (4.39):

2% > 20 = Iq(ﬁig)’t)-Q(a‘g),t)l = ’i(t)lngvt)l > |,8¢(t)—a.-(t)|e7' inf I?(?o)l

ai(t) £€(0,1)

> 18 - @l (K - Kr(M)) 2 TKIBE) - es(t)le™
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Proof of (P5). We introduce the sets
Lit) :={z €(0,1) : L € zi(o([-p1,m))} (i=1,2,3),

where p; € (37, p0) = (37,0 — 1) (furtber restrictions on p; will be imposed later) Note that if
p1 = po, then L2(t) = L(t). As proved in Claim 1, £(t) € L(to) for t > to > 0, since the unstable
interval [—Bpo, Bpo] is negatively invariant for the 1D nonautonomous s ODE (4.34). Similarly:

Claim 3. Assume e < 02197 min{-,%;;, 0Ty a5 )- Then:
(i) L) 2 Li(to) forallt>t,>0andi=1,3.

Gi) = ¢ £2(t), us(z, t){ <0, se { f;g I ) where = S2200_(5 0).

The proof of (i) is very similar to that of Claim 1(i). By (4.30), (4.31), (4.29) and the choice of ¢

p(t) o-
“T“L- < Pk (4.41)
1
I / o(uz(-t)| < o-n, (4.42)
0
lma (e f5 w1 ) llz= < 0-m (4.43)

for all t > 0. We claim that if ¢(z,t) = fz;(0(xp1)), then u.(z,t) lies between z;(o(p; + n)) and
2j(o(p1 — m)) (bence in particular sign(ue(z, 1) — z(0)) = sign(4(z, 1) — Bz;(0)) and o(us(z,1)) €
o([~p,p])). Indeed, by (4.41)

p(z, i)l

lus(2,t) = 2i(e(p1))l 1222

a—+lv(px +n) =a(p1)| < lzj(o(p1 + 1)) = zj(e(p1))]

n = —((P1+'l) 1)

IA

and similarly
lus(2,1) = zi(o(p1))| < :—:n = -:-i-(p, = (p1 = ) € I2j(o(p1)) = zj(e(pr — M)!.

Consequently, the interval I; = [Bz;(0(p1)),Bzj(c(—p1))] is for j = 1,3 a positively invariant
interval for the ODE (4.34), since for ¢(z,t) € 8I;

L1z, )= 65 O] = signla(e,)Bz;(0)(~o(£52) + (o(152)o(ue 2,1))
+3o(ue (1) + malaf u(-1)))

< —o-pr+ oy 501+ | Fous(,0)] + lImale S5 u(, )l
< o(-p+n+n+n) = o-(-p1+3n) < 0.

This proves (i). Now we prove (ii). Without loss of generality, assume u,(z,t) < 0. If z € L‘(t)
then (ii) follows from (i), for any 7 > 0. So assume z ¢ £(t). Hence for all s > t with z € L‘(s)

-—Iq(z, 8) — B21(0)] £ —o-(p1 — 37),

by estimating as above. Also, dist(g(z,1), [821(0(p1)), Bz1(0(—p1))]) < K1(M) by (4.26). Hence if
z ¢ L1(s) for all s € [t,t + 7] and some 7 > 0, then

dist (q(f,t +7), [ﬂzl(“'(m)),ﬂzl(’(-m))]) < Ki(M) - 1o_(p1 — 37).
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Since the left hand side is greater or equal to zero, this implies r < ,—(;f-:gm, proving (ii).
Now assume that p,, 1 are so small that the interval [~r, r] from Definition 3.1 contains o([~p; -

9,p1 + 7)). Then since o(u,(z,t)) € o([-p1 = 0, p1 + 1)) whenever z € Li(t) j =1 ,3), we have
zelift) = Y(uc(z,1)) =3

This together with Claim 3 allows to calculate ¥(u}): Assume without loes (uo),l(,o',o“) < 0.

Then (u0):|(g.(1),ais1(1)) < O for all ¢ > 0, hence Y(uz(-,t + 8))|(8:(t),0i42(1)) = 1 for all s > 7, by
Claim 3. Consequently,

¢(“:)IU o(Bi(t),aigs(1)) =1

Since Uy»(Bi(t), @i+1(t)) = (z},2},,), this proves the last part of (P5). Now it is clear that
u; is discontinuous at the z} (since Y(ul) jumps), and continuity on (z,z},,) follows from the
equilibrum equation: a(u,(z)) =a fo u* + A for some A € IR, and hence

u; = zj(afyu* + 1) in (z],2],,) for some j € {1,3) independent of z,

consequently u € C3((z},z},,)) (€ C*® if o is C™). (P5) is proved.

Proof of (P6). We will apply Lemma A2 (or more precisely: Corollary A1) with A, f, z(¢) =
(p(t),9(t)), @ = 1/2 as in Section 2, but X = L2 x L2 and D(A4) = {p € W2? : p:|(0,1) =0} x L2
unlike in Section 2. Unless ¢ is globally lipschitz — which we have no intention to assume —, f is
now not defined on the whole of X1/2, but z is a global solution € C([0, 00); X}/2)nC*((0,T); X)N
C((O T); D(A)), as required. We set zo := (0, ¢*) := (0, fu}) so that z(t) = (p(t), ¢(t)) — (0,¢*) =
zo in W12 x L2 = X1/2 as t — o0, and let B be the Gateaux derivative of f at zo. Let us write
out what z(t) — zo, B and g(z(t)) are:

2(t) =20 = ( q(t};(t—) ¢ )
B( ) =n(ra(gh-o 5 (L)),
9(2(1)) = 7o (o (B — o(%4L) — o (up)(LLU=0EO=1))) ( 4 )

We verify hypotheses (i), (ii), (iii) of Corollary Al.

(i) is clear: in fact, B is a bounded linear map from X to X.

(ii) is taken care of by (P5) (which implies infz¢(0,1) 0’(uz(z)) > 0) together with a Lemma of Ball,
Holmes, James, Pego and Swart:

Lemma 4.1 (BHJPS, Theorem 3.3) With A, B as above and X = L2 x L%, D(A) = {pe W22 :
P:l{o,1) =0} x L% (1 < p < 0), the spectrum of A — B lies in

(Ve : ReA2 min{} _inf o'(u(2)), §1}-

(In [BHJPS] the result is stated with p = oo, but their proof in fact does not require any knowledge
about p.)

It remains to verify (iii). Since ||(5, §)|]| = ||l + l|dllz2,
lHo(zI? = 4llxa(o(ue(t)) = o(uz) — o’ (ug )(ue(t) — up))lIZ-
1
< 4 /o lo(ue(®)) = o(uz) = o’ (ug)(ue (t) - ug)|*dz.

Now at each time ¢, we split the domain of integration into two parts, a “stable” and an “unstable”
region:

Q,(t) := L1(t) v £3(1)

Qu(t) := (0,1)\Q,(2).
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First, let us deal with the stable region.
Since o is continuously differentiable, there exists €A) — 0 (A — 0) such that

o(z) - c(zol-— :’(Zo)(z - 20) < &2) for all z, 2o € [-K1 (M), K1(M)] with |z — 20| < A.
= <0

Now if z € ,(t), then u.(z,t) lies between z;(c(p; + 1)) and z;(o(—p1 — n)) for some j € {1,3}.
By the monotonicity of the 2,(t) (by Claim 3, Q,(t) 2 Q,(to) for t > to > 0), so also must uz(z),
with the same j, hence

o
fue(z,) = w3 (@) € |z5(o(or + M) = 55(0 (=01 = D] < ZElpy + 0= (~p1=0)] = 22 -2(ps + ).
Now choose p; < 47, and then

/ lo(ue (1)) = o(u3) — o’ (u3)(us(t) — ul)*dz < &(Z2 - 107) |[u(t) — uZliZ (4.44)
8,.(t) T

where &(n) — 0 as n — 0.
In the unstable region, the integrand is not small, but the unstable region itself shrinks expo-
nentially: By Claim 3, Q,(t) C £(t — 7) for t > 7, hence by (4.40)

12(0)] < 2R e

and thus by (4.25)

/ lo(uz(t) — o(u) — o' (uZ)(ue (t) - ug)|dz < we-“ = K%™.  (4.45)
2.(1)

Consequently by combining (4.44) and (4.45)

-~ 1/2
ol < (482(mllua(t) - wzlids + 4K%e™™)
28('7)"“:(0 - u;”L: + 2Ke= ¥t

2125l + 155 122) + 2R3

%f’) (||:c(t) - zo|| + 2Ke %",

Now note that ||z(t) — zol| < ||z(t) — Zol|1/2, and choose n small enough so that 2—'522 < ro, where
ro is the constant supplied by Corollary A1. Then Corollary Al applies and we obtain:

lI(p(2), 9(2)) = (0, ¢"lwraxr> < Me 37"

for some constant M and all ¥/ < min{y, 26} = min{, 8, n"r““"g"(".(’»} and hence in parti-
cular for
le’l}.

IA

IA

! = min{B, & inf
7 85 o By
This establishes (P6) in the case p = 2, because
li(u(®), v(®)) = (u*, 0)llw.ax2 = 1P~ (p(t), 9(t)) — P~(0,9")llwr.axL>

and the inverse Pego transform P~! : W22 x L3 — WJ'? x L? is continuous (see Lemma 2.1).
Finally, for p € (2,00) we can estimate using (4.26) and Holder’s inequality

lle®) - ¢*ller < Ma(t) = a"I1F 7 Na(t) - ¢ 1IF=2"
< MUK, (M))1-P
< max{M,1} -max{2K,(M),1} - e,
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A straightforward calculation shows that the operator norm of P~! in L(W}2 x L8, WP x L?)
is bounded independently of p, precisely:

—1x 2 . S .
1P~} D)llwrrxzas < (3 + DG Dliwsaxrs forall (5,9) € Wa? x I,

and (P6) follows.

Proof of (P7). The local minimization property of (u*,0) is a consequence of the (non-elementary)
fact (P5), which implies o’(u2(z)) > inf {0'(2) : 2z € 21(o([-p,p))) VU 25(c([—p,£)))} > O for all
z € (0,1)\{z3, ...,z ]}, together with the following (elementary) lemma on the variational integral

: 1
J(u) = /o (W(ue(2) + 507(=)) de.

Lemma 4.2 Let up € W)'™ be a stationary point of J (that is 1o say 4 1.=0J(vo + €¢) = 0 for
all ¢ € W™ ) with o’ ((uo)z(2)) > & > 0 a.e. Then uo is a local minimizer of J in Wo"°°..

Proof of the Lemma. This is a standard fact from the calculus of variations, but for convenience
of the reader we include a proof. Let u € W)™, |Jus = (uo)s|lLe < ¢, € € (0,1). Since W is C?,
W(uz) = W((uo)s)+ o((uo)s))(uzr — (uo):) + f;gﬂ(u, — (ug)<)? for some function € (which can be
chosen to depend measurably on z) with values £(z) strictly between u.(z) and (uo):(z) . Now if
is small enough, then ¢'(§(z)) > /2 > 0. Also, since ug is a stationary point of J (or equivalently:
(u0,0) is an equilibrium of (2.1)), there exists A € IR such that o((uo)z(z)) — @ f; uo = A ae.
Hence we compute

1
[ (ouo)e) = w0+ T ((u = wo)e)? + aruo(u = o) + 3w = ue)?)
0

)«/ol(u - Ug):s +-/ol (a_’éf_)((u - u):)’ + %(“ - “0)2)
T

> 0.

J(u) = J(uo)

The last part of (P7) is taken care of by another elementary lemma:

Lemma 4.3 Let a > 0. Then J does not possess any local minimizers in Wy (1 < p < 00).

Proof. (For W(z) = -Q::—lz the argument is sketched in [BHIPS, p. 23].)
Fix p € [1,00). First, we prove that uo = 0 is not a local minimizer. Let A = T?:’ w=
{ 2., 0<z<A

24, A<z<l,’ u(z) = f: w extended periodically to the whole of IR, u"(z) = du(nz),

n
w@={ @ 137" T
1 la [!
J(@) = J(uo) = -;W(0)+;1_5§ u? < 0 for n large enough,
0

but @” — ug in Wi* as n — oo.

Now we prove that ug # 0 is not a local minimizer. To this end, let zo € (0,1) be a point where
|uo| achieves its global maximum. Since up # 0, uo(zo) # 0. Without loes of generality, assume
uo(zo) > 0. Set @ = min {uo, uop(zo) + (- + 2 — zo)}. Then for n large enough,

J(&") - J(uo) < 0,

but &" — ug in W as n — co. The proof of the lemma is complete.

This concludes the proof of Theorem 4.1 and our discussion of layer dynamics.
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Append1X° Two results on the abstract parabolic equation
z, + Az = f(t,z).

Our first result is a simple a-priori estimate which follows immediately from standard estimates
(Henry [Hel, 1.4.3)) for fractional powers of sectorial operators.

Our second result generalizes a conclusion of Henry [Hel, Theorem 5.1.1] on exponential con-

vergence to equilibrium via linearization. Namely, we extend Henry’s result to nonlinearities f(t, z)
which are not Fréchet-differentiable at the limiting equilibrium but only possess directional deri-
vatives. This more complicated situation is not an esoteric peculiarity of the partial differential
equation studied in this paper, but occurs whenever one wants to study the approach of smooth
solutions of a partial differential equation to discontinuous patterns as time t tends to infinity; see
Remark 5 in Section 4.
Notation. As in Henry [Hel, Section 5.1], A denotes a sectorial operator on a Banach space X,
D(A) denotes the domain of A, X? (0 < B < 1) are the associated fractional power spaces, || - ||
and || - ||s denote the norm in X and, respectively, in X?, V is an open subset of X (for some
fixed o € [0,1)), and f : [0, oo) x V — X is a mapping which is locally lipschitz continuous in z
and locally Holder continuous in ¢, that is, given (f;,21) € [0,00) x V there exists a neighbourhood
V of (t1,2,) in [0,00) x V and constants 6, L > 0 such that for all (t,z), (s,y) € V,

I/t 2) = £(a )l < L(It = ol + 1z = plla )
Note that by [Hel, Thm 3.3.3], for such A and f the initial value problem

t Az = ta
{ o (A1)

possesses for all z; € V a unique local solution z € C([0, T); X*)NC*((0,T); X)NC((0, T); D(A))
on some time interval [0, T'(z,)).

Lemma A1l Let vy € [0,1) and ||A720|| < M,,, let T € (0,00], and assume z(t) is a solution on
[0,T) of (A1) such that sup,¢(o 1y ||z(t)|| < M;, supepo. 1) l1£(2(2),1)l| < My. Then there erists
C(y,M;:,, M., M;) independent of T such “that

sup |[472(t)]| < C.
te[o,T)

Proof. Let T(t) denote the semigroup generated by A. Fix 7 € (0,T) and estimate differently in
the intervals [0, 7] and [r, 00):

A7zl = AT ()20 + [ A T(t—8)f(2(s), s) ds|
< C(r)||A"zol|+fJ(tC( LM, ds
Myr=7
< C(T)(Mu"’ 1!_7 ) Vte[O,-r]

and

A"zl = WA'T(r)z(t = 1)+ [y A"T(r—8)f(2(t — T+ 8),t - 7 + 8) ds||
< Zste- i+ J§ oMy
1-
< an(FE+3ES) vie ).

The proof of the Lemma is complete.
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Lemma A2 Let A, a, V, f be as above, let o € V be an equilibrium point of (A1) (i.e. zo €
D(A), and Azo = f(t,z0) V&t > 0), and let z : [0,00) — V be a solution of (A1). Suppose in
eddition that
I(taz) = f(t: 30) = B(z - 20) + 9(‘»‘)
where
(i) B : X* — X is @ bounded linear map,
(ii) the spectrum of A — B lies in {Re ) > 6} for some 6§ > 0, end

(iii) lg(t, @)1 = o(llz(t) — zolla) + O(e™™") as ||z(t) = zolla — O, for some y > 0.
Then there ezist p, M > 0 such that provided
Nzt -zollasp W20,

then )
ll2(t) = zolla < Me™™min{r.8}t vt > 0.

Proof. Clearly A — B is a sectorial operator. Pick §’ such that 0 < § < 8§’ < Re Spec(A — B), and
let T(t) be the semigroup generated by A — B . By standard estimates [Hel, Sections 1.3, 1.4],

IT®Wzlla < Ce™**|izlla Vz € X, V>0
IT@zle < Ct=%e~%Y2|| VzeEX,Vt>0
with some constant C. Let m := min{v, 6}, and choose ry > 0 so small that
o0
' 1
—a, ~(§'=-m)s —
ro/o s % ds < Yok (A2)
Choose p > 0 so small that
llg(t,2)ll < rollz — zolla + Ke™* (A3)

for ||z — zo|la < p, t 2> 0. Let z(t) = z(t) — zo. Then z solves
2+ (A-B)z=g(t,z0+2),

hence

Izl

4
IT@=(0)+ [ T(t = s)o(o, 0+ 2()dsll
V]
4
< Ce¥Y|z(0)]la+C / (t=8)2e = (rollz(s)lla+ Ke™™* ) ds.  (A4)
0
Now define u(t) := sup,¢[o ;) €™’ [12(8)llo, let T € (0,%] and compute using (A4) and (A2)
T !
llle < CllaOlla+C [ (r=2)2e @m0 (roe™ s(e)la + K) ds
(]

S CllOlle+C(rou)+ &) [ gmee-meag

A

1 K
Cliz(O)lla + 3u(t) + o
hence by taking the supremum over 7 € (0,1]
K
u(t) < 2C||1z(0)l|« + P

The proof of the Lemma is complete. In fact, since the assumptions (iii) and [|z(t) — zolla < p
were only needed to obtain (A3), the above proof yields
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Corollary A1 Assume all hypotheses of Lemma A2 ezcept (iii) hold. Then there ezist ro, M > 0
such that provided

llgt, z())|| < rollz(t) = zolla + Ke™* for allt > 0 and some K, v >0

then _
llz(t) - zolla < Me~mn(n8 vt >0.
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