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1 Introduction

The cligue cover number 6,(G) of a graph G is the minimum number of
cliques required to cover the vertices of graph G. In this paper we consider
61(Gnp), for p constant. (Recall that in the random graph G, ,, each of the
(’2') edges occurs independently with probability p). Bollobés, Erdés, Spencer
and West [1] proved that whp (i.e. with probability 1-o(1) as n — 00)
- 2 2
(o gy, < Thlar,
They implicitly conjecture that the Inlnn factor in the upper bound is un-

neceessary and in this paper we prove
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Theorem 1 There ezxist constants ¢; = c;(p) > 0, = 1,2 such that whp

con?
= (ln)?’

012

(lnn)? = < 0(Gag) <

Remark 1: a simple use of a martingale tail inequality shows that 6, is close

to its mean with very high probability.

2 Proof of Theorem 1

We write a, = b, if a,,/b, — 1 as n — 00.
The lower bound is simple as the number of edges m of G, , whp satisfies

np?
2

and the size of the largest clique w = w(G,,) whp satisfies
w = 2log,n
where b = 1/p. We may thus choose ¢; = (Inb)?p/2.

The upper bound requires more work. Our method does not seem to yield
the correct value for ¢, and so we will not work hard to keep c; small. Let o

be some small constant and let

= |alog,n].

We consider an algorithm for randomly selecting cliques to cover the edges
of G = Gnp. It bears some relation to part of the algorithm described in
Pippenger and Spencer [2]. At iteration ¢ we randomly select cliques of size

|k/i] none of whose edges are covered by previously chosen cliques. We do
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this for 49 = [4Inlnn] iterations. At the start of iteration ¢ there is a set E;
of edges which have not yet been covered. Let C;; denote the set of ¢-cliques
all of whose edges are in E;. At iteration i we choose randomly cliques from
Ci,\x/i) With probability p; (to be defined). p; is chosen so that for most of
the edges of E;, the number of chosen cliques which contain that edge is
approximately distributed as a Poisson random variable with mean close to
one. (A few edges may be in few cliques and so we have to choose some

random edges as well.) The process is thus designed so that for u € E;,
Pr(u€ Eiy, |u€ E) =~ el
So if '
cosi = ([ 7 ) e,
then c, ;; is close to the expected number of cliques in C;; which contain a

particular fixed clique in C, .

We now need to describe our clique choosing process a little more formally:

for a clique S € C,; we let
Xsji=|{C€Cj;:C2S}
and for integer s > 0,
X, = max{Xg;;: S €C,;}.
Algorithm COVER
begin
Ey := E(Gnp); Ccover = 0;

for i =1 to iy do



begin

A: independently place each C € C|x/i}; into Ccov er With probability
-1 .
2,|k/i)i0

B: for each u € E; which is not covered by a clique in Step A, add u

(as a clique of size 2) to CcovEer With probability p, where

1 1 1\*
e —-X5 =(l—3{—;) (1= pu),

X2 = Xo,|k/i) and Xy = Xy (k/i),i-
end

Ccover = CcoveEr U Ej 41.

end

Observe first that the definition of p, assumes that X, is large (which it is

1 X 1 X2
1-—=) > (1-=—
( X2) - (1 Xz)

el - X1,

whp) and so

\Y

and p, is properly defined.

The following lemma contains the main core of the proof:

Lemma 1 Let &; refer to the following two conditions:
(a)

Xsji < (14 Bi)es i 0<s<j<k[iand S €C,;



— sn—1/4
where B; = in~1/4,

(%)

Xugi 2 (1= Bi)eajsy e€E;and2<j<kfi
for all but at most in'%/® edges.
Then

Pr(&) = 1-o(n™), (1)
Pr(&n | &) > 1-0(n"18). (2)

We defer the proof of the lemma to the next section and show how to use it
to prove Thereom 1. Observe first that

Cs+1,j,i=(j—3) be')* 3
221 (125) ey, 3
and

Cagi 2 /° (4)

when a is small and 0 < s < j < k/i.

Next let Y; and Z; denote the number of | k/¢]-cliques and edges respectively

added to CcovEer in iteration i.

Xo,|k/i] i
EY:|&) = E(———O’W L. |£.-)
Xa,|k/ilsi

< (14 of1) A
C2,k/il i

n?i?
e 5
b k2e' ) ‘ ( )

Q

on using (3)



Since Y; is binomially distributed, we see using standard bounds on the tails
of the binomial, that

Pr (Y, > %’gl&-) <n L
Thus o io_ o2 _
Pr(L%2 35 16) =0 (25:),
and so o o 922
Pr (;Y >3 ) = o{1). (6)
Now a simple calculation gives
pu=0 (X—2X_—2—)£5) )
and so
E(Z;| &) = O(in*®+ B|E;|)
= O(n'8lnn).
Thus
Pr(Z; > n3/'% | &) = O(n"/'®1nn)
and so
Pr(31 <i <ip: Z; > n3/18 | &) = O(n~Y/1(1n n)?)
and )
Pr(i Z; > ign3V/18) = o(1). (8)
i=1
Also

X
Pr(ue Fui|ueE) = (1- -1—) (1= pd)
X2

< eL.



Thus
E(|Bqnl)=0 ((1%)4)

2

Pr (1Bunl 2 o) = ol0). )

Theorem 1 follows from (6), (8) and (9) and

io io
ICcover|l =Y Yi+ Y Zi+ |Eisal-

i=1 i=1
As we only use estimates for X, |¢/ij,; and Xa,(k/i),i the reader may wonder
why it is necessary to prove Lemma 1(a) for 0 < s < j < k/i. The reason is

simply that the lemma is proved by induction and we use a stronger induction

hypothesis than the needed outcome.

3 Proof of Lemma 1

Let us first consider &;. Fix a set S of size s, 0 < s < k. Assume it forms
a clique in G. This does not condition any edges not contained in S. For
a set T' let N,(T) denote the set of common neighbours of T in G. We can
enumerate the set of j-cliques containing S as follows: choose z; € N,(S5),
zy € N(SU{z1}),...,2j—s € N(SU {z1,22,...,2j—5-1}). The number
of choices 4 for z; given z1,%s, ...,z is distributed as Bin(n — (s — ¢t +
1),p***1). Thusforo<e<1

Pr

IA

2 —s—t 1 s+t—1
rop £l 2=t 0)

2exp{—€2n'~%/4}.

Vi
—1|>
(n—s—t+1)pstt-1 1' "6)

IN



Putting € = n~!/3 we see that since there are n°!""™) choices for z,, 75,
Xe:
Pr ( el U | P n"1/3+°(1)) < exp{—nl/4}.
Cs,5,0

There are n°2") choices for S and (1) follows.

Assume now that &; holds. We first prove

Lemma 2 Suppose ey, es,...,e; € E;. Then

ceey Tjsg,

tl
Pr(et € FEin | €1,€2,...,6_1 € Ei+1) =e! (1 + 0 (ﬁ))

n

uniformly for 1 <t < nl/2,

Proof

Pr(e; € Eiy1| e1,e,...,6-1 € Eiy1) > Pr(e; € Eiyq)

(10)

— -1 -1
— e - X2 .

Here X, = X, |x/ij; and Xo = Xy |i/ij; and inequality (10) follows from

the fact that knowing ey, e;,...€;-1 € F;4; tells us that certain cliques (and

edges) were not chosen for Ccovgr. On the other hand

1 Xu—tX3
Pr(et € E,'.H I €1,€2,...,€41 € Ei+l) < (1 —_ Y-) (1 -
2
1

- X (-

Pu)

)tX3

- (00 ().



where X3 = X3 x/i),i. If & holds then X3/X, = O(lnn/n). O

Now fix a set S € C,; and let X = X ;41 for some j < k/(i+1). Condition
on S €C,i41. Let Cs 5, ={C €Cj; :C 2 S}. Then

E(X) = 2 PI'(C € Cj,,'+1 ' S € Cs,i+l)
CeCs,j,i

- rae () (02).

on using Lemma 2.

We are going to use the Markov inequality

E((X))
(z)-

where (1), = z(z — 1)(z = 2)...(z —r + 1) and r = |n!/2|.

Pr(X >z) < (12)

Let B(¢z,03,...,4.) = {(C},Cs,...,C;) : (i) Cy # Cp for t # ¢, (ii) C; €
CS,J',,', (111) |C¢ n (Cl UCyU--- Ct—-l)l =s+ 4, fort,t' =2,3,... ,'l'}. Then

E((X),.) = E Z Pr(Cl,Cz, ...,C, € Cj,.'+1 I S € C,,.‘.H).
L3 f3,...,kr B(£2,L3,...,r)

From (11)

) 4]
Pr(Cy € Cjin1|S € Cy 1) = exp { (s) - (])} (1 0 (] nn))
2 2 n
and

s+ ¢ j i4lnn
Pr(C: € Cji41| C1,Cs,...,Ci1 €Cjia) = exp{( 9 t)—(';)}(1+0(] - ))




Also,
lB(£2’£3a cee ,f,.)l < H (((t - ]Z] - S)Xs+lnj,")
t=1

b3+lg ’ei(6+lg) l'
fleirs o (2220

< n
Hence,
_]?'_(_(_)E_)Il < (1 0 ((ln n)41‘)) r 1+ B (e(lt+2s—1)/2rj2(bei)s+&)lt
Caditl + n e,,Z,;. . ,=H1( Bi) -
4 2 _3kp2k\ L2+t
c (ool omw, 2, (222 oo
£3,63,....¢
< 1 +m¥Ha+6), (14)

for a sufficiently small.

Hence, using (12),

21+ Bi) ¢t jin
PrX 2 (14 finensin) < ((1+ ﬂi+l)cs,;7,i+l)r, by (14)
14+ 6; " .
<3 (1 n ﬁ.‘+1) , using (4)
< 3dexp {—r‘_—(f‘rﬂ:f‘)}

= exp{—nl/4"o)},

O(lnn)

There are n choices for S and j and so part (a) of the lemma is proven.

It remains only to deal with X, ;;;1 for an edge u € E;. It follows from (11)
that if X = Xu’j,,'+1 then

w0 -mn{()- Qo2 o

10
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and from (14) that

2
BOX(X = 1) < (14 =57) e (16)
Suppose now that X, ;; > (1 — B;)c,j;- Then (15) and (16) imply that
Pr(X < (1= fin)ergivr) < 3n74 (17)

Now let Z;;, denote the number of edges u € E;;; for which X, ;41 < (1 —
Bi+1)c2,ji+1 and Z;H those u counted in Z;y; for which X, ;; > (1 — Bi)caj;.
Then

Zi1 < Zi+ Zipy

and from (17)
E(Z{+1 | 5,) S 3|E,-|n_1/4.

So

Pr(Zip > i+ 1)n'®8 | &) < Pr(Ziy > %8| &)
= O(n71/8).

this completes the proof of Lemma 1.

References

[1] B.Bollobés, P.Erdés, J.Spencer and D.B.West, Clique coverings of the
edges of a random graph, Combinatorica 13 (1993) 1-5.

[2] N.Pippenger and J.Spencer, Asymptotic behaviour of the chromatic in-
dex for hypergraphs, Journal of Combinatorial Theory A (1989) 24-42.

11



	Carnegie Mellon University
	Research Showcase @ CMU
	1993

	Covering the edges of a random graph by cliques
	Frieze
	Bruce A. Reed
	Recommended Citation



