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(6.16). It might therefore appear that the entropy inequality (6.18)z is super-
fluous, which is true when the interface moves smoothly, but there are situations
involving large amounts of supercooling or superheating in which the interface
moves "infinitely fast" resulting in an instantaneous change in phase for entire
subregions of the body;3? the entropy inequality is then needed to ensure that
such instantaneous changes be consistent with the second law.33

d. The two-phase theory with surface structure. The Gibbs-Thompson condition as
a consequence of the configurational balance?34
I now generalize the theory to include surface structure by considering the
basic laws for each evolving control volume R(t) in the form

(d/dt){ Jedv + [Eda )} = - Jqmda + [QVda + [QVyeds + W(R), (6.19)
R G oR oR f3]6]

(d/dt){ [ndv + [nda } > - f(g/8)-mda + [(Q/8)Vda + [(Q/8)Vyeds,  (6.20)
R G oR oR oG
JCmda + [fda + [C¥ds + [8da = O, (6.21)
oR R 0@ 6!

where W(R) is given by (4.5), C, 8, and Q are as discussed before, € is the inter-
facial energy, 0 is the interfacial entropy, and Q, a configurational heating, is an
analog of Q in the sense that

JQV,ds, J(Q/8)V eds
le Je

represent flows of heat and entropy into Q induced by the motion of the boundary
curve 9Q.

The arguments used before then yield the bulk relations discussed in the
paragraph containing (6.7), the interface relations

= Q/e, o=y, (6.22)

and the results (4.9) and (4.19) with the interfacial free-energy given by

32g5herman [1970], Fasano and Primicerio [1977), Gotz and Zaltsman [1993], Gurtin [1994b].
33Gurtin  [1994b].

34This section is taken from Gurtin [1988,1993), although the configurational force-balance
is shightly different.
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¢ = - 0. (6.23)

The configurational balance remains (4.11), but the remaining interface

conditions are more complicated than before: balance of energy has the form
[e]V = [q]l'n + €° - EKV - divg(VeE) (6.24)

(cf. (A13), (4.13), (6.6), (6.22), (6.23)), an analogous inequality for the entropy
follows from (6.20), and this inequality, (4.11), and (6.24) yield the interfacial
dissipation inequality

¢° + No° + e:n° +eV < 0. (6.25)

Guided by this inequality, | consider constitutive equations of the form (4.21),
but with (8,n,V) as independent variables and with an additional constitutive
equation, of the same form, for the entropy N. The most general constitutive
equations of this form consistent with the dissipation inequality (6.25) are

¢ = ble,n), T =-3¢(en), €=-3,4(8,n), e=-ble,nV)V, (6.26)

with b(e,n,V) > 0. ] henceforth assume that b is independent of V.
The resulting interface conditions consist of the energy balance (6.24) and the
configurational balance (4.11) with =¥, o=y:

[Z] = -¢K - divze - e. (6.27)

These interface conditions supplemented by the constitutive equations are the
basic free-boundary conditions of the theory; the condition (6.27) replaces the
classical Stefan condition.

The interface conditions (6.24) and (6.27) are complicated. In [1988] I formally
derived an approximate theory appropriate to an interface whose free energy,
internal energy, and kinetic coefficient are small, with the latter independent of
V. Let

u = (8- 8y)/0y, R ACENNCWE (6.28)

vmn) = $lepy,n), bu(n) = bley,n),

where ¢,(8) and ¢,(8) are the constitutive functions for the internal energy
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computed from the free energies ¥ _(8) and ¥,(9) via (6.11), so that 2 is the latent
heat. Then the approximate interface conditions consist of an energy balance

tV = [ql'n (6.29)
and a generalized Stefan condition
u = {\PM(n)l + ananll}M(n)}‘L - bM(n)V. (630)

which includes the effects of curvature and kinetics. For an isotropic material g,
and by are constants, which I write as ¢ and b, and (6.30) reduces to3°

tu = ¢K - bV, (6.31)

which is the Gibbs-Thompson condition du=y¢K augmented by the term bV, which

accounts for interface kinetics.
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35)u=--b(n)V was introduced by Frank [1958] and used by Chernov [1963,1964); fu=¢K was
introduced by Mullins [1960] (in the context of mass transport) and used by Mullins and
Sekerka [1963,1964]; fu=yK-bV was used by Voronkov [1964]. Cf. Gurtin [1993a, Footnote 84]

for additional references.
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APPENDIX ON EVOLVING SURFACES
a. Surfaces

Let 8 be a smooth closed surface oriented by a choice of unit normal field
n(X). The space n(X)+ of all vectors perpendicular to n(X) is the tangent space to
3 at X, and the tensor

P(X) = 1 - n(X)en(X) (A1)

projects vectors onto this tangent space.

In continuum mechanics tensors are generally linear transformations from
R3 into itself, but of interest here are tensor fields T on 8 with the property that,
at each X in &, T(X) is a linear transformation from the tangent space at X into
R3. These two notions of a tensor field may be reconciled by extending T(X) to
vectors normal to 8 with the requirement that T(X) annihilate such vectors.
Precisely, a superficial tensor field T on & is a function that associates with each
X in 8 a linear transformation T(X) from R? into R3® such that

Tn = 0. (A2)

T then admits a unique decomposition into tangential and normal components,

T

tan @nd i, respectively:

T-T,, +no®t, T..=-PT, t=T'n (A3)
given any vector field v,
Tv = T,,v+ {vn (A4)

with T
T is a tangential vector field.)

tanV 2 tangential vector field on 3. (Note that the normal component t of

I define the surface gradient V4 on & through the chain rule. Let ¢(X) be a
smooth scalar field on 8 and v(X) a smooth vector field on 2. Then given any
curve z(t) on 3,

¢(2) = Vyp(2)-2z, v(z)* = Vyv(z)z (AB)

(which defines Vgv only on vectors tangent to .3, but, in accord with (A2), Vsyviis
extended by requiring that (Vgv)n=0). Then V3¢ is a tangential vector field, while
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V;V is a superficial tensor field. The surface divergence of v is defined by

while the surface divergence divyT of a superficial tensor field is defined through
the identity

a-divyT = divg(TTa) (A7)

for every constant vector a.
The curvature tensor L and total curvature K (twice the mean curvature)
are defined by

L=-Vgn, K=1trL =1.L = -divgn. (A8)

As is known, the curvature tensor is symmetric L=LT and (hence) tangential:
L™n=0.

Let G denote a smooth subsurface of 3, and let ¥(X) denote the outward unit
normal to the boundary curve 9@, so that W(X) is tangent to 8 at each X¢9dQ.
The surface divergence theorem then has the form

Jt-wds = [divgtda, JTvds = [divyT da (A9)
oQa Q oQa G

for t a tangential vector field and T a superficial tensor field.

b. Smoothly evolving surfaces
Now let &(t) depend smoothly on the time t. Let ¢° denote the normal time-
derivative3® of a scalar, vector, or tensor field ¢ on 8. Then

ne = -V,V, (A10)

with V the normal velocity of 3.

Let Q(t) denote a smoothly evolving subsurface of 2(t) with w(x,t) the
outward unit normal to 9G(t). The motion of the curve 9Q(t) may be charac-
terized intrinsically by the velocity field

36The derivative following the normal trajectories of the surface. Cf. Gurtin [1986, eqt.
(4.4)].



Sun, Apr 24, 1994 35
Vn + Vy v, (A11)
where V445, the tangential edge velocity of @, is the velocity of 9@ in the direction

of the normal V.
For ¢ a superficial scalar field,

(d7dt){ Jeda}  denotes (d/dt) { Jo(X,t)da(X) ). (A12)
Q G(t)
Then37
(d/dt){ Jeda} = [(g° - gKV)da + [V 5 ds. (A13)
G Q oQ

c. Functions of orientation

In studying interface behavior 1 will discuss scalar functions ¢(n) and vector
functions f(n) of the interface normal n. The derivatives 9,9(n) and 9,7(n) are
defined by the chain rule. Given any curve n(t) on the unit sphere,

p(n): = {dp9(n)}-n-, f(n) = (opf(n)}n*; (A14)

9n9(n) is tangent to the unit sphere, while 9,7(n) is defined by (A14) only on
vectors perpendicular to n, but is extended by requiring that {9,7(n)}n=0). Then
for n the unit normal field on &, a calculation using the chain-rule and (A8)
yields the identities

Vso(n) = -Lopo(n), Vgf(n) = -{d,f(n)}L, divgf(n) = -{d,f(n)}-L. (A15)

37¢t. Petryk and Mroz [1986], Gurtin, Struthers, and Williams [1989]), Estrada and Kanwal
[1991], Jaric [1991]. '
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Figure 1. The portion QG of the interface contained in the control volume R; m is
the outward unit normal to d9R; n is the unit normal to the interface; v
(tangent to the interface) is the outward unit normal to the boundary
curve 0Q.




Figure 2. The regions B, and B, occupied by the phases o and p in the unde-
formed body.
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Figure 3. The time-dependent control volume R(t), which deforms to R(t), with
v(X,t) a velocity field for OR(t) and ¥(X,t) a corresponding velocity field for
OR(¢).
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Figure 4. Cartoon showing why internal configurational forces respond to the
inhomogeniety of the reference configuration.
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Uniform configuration of atoms,
configurational stress is constant,
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Nonuniform configuration of atoms,
configurational stress is not constant,
internal configurational forces ( the four
lower arrows) are needed.
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