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1 INTRODUCTION

Let G = (V, E) be agraph in which the edges are coloured. A set SC E is
said to be multicoloured if each edge of S is a different colour. A spanning
tree of G is said to be multicoloured if its edge set is. In this paper we study

*Supported by NSF grant CCR-9024935



the existence of a multicoloured spanning tree (MST) in a randomly coloured

random graph.

In fact, our main result will concern a randomly coloured graph process. Here
e1,€s,...,ey is a random permutation of the edges of the complete graph I,
and so N = (;_‘) Each edge e independently chooses a random colour c(e)

from a given set of colours W, |[W| > n — 1.

The graph précess consists of the sequence of random graphs G,,,m =
1,2,...,N, where G,, = ([n], Ex) and E,, = {e1,e€2,...,en}. We identify

the following events:

Cm = {Gn, is connected }.

N = {|c(Em)| > n — 1}, where ¢(E,,) is the set of colours used by E,,.
MT,, = {G,, has a multicoloured spanning tree }.

Let &, stand for one of the above three sequences of events and let
mg = min{m : €, occurs},
provided such an m exists. Clearly, if maq7 is defined,
mmz > max{mc, my},

and the main result of the paper is

Theorem 1 In almost every (a.e.) randomly coloured graph process

mamr = max{me, my}.



To establish the existence of an MST we use a result of Edmonds [2] on
the matroid intersection problem. In this scenario Mi, M<i are matroids over
a common ground set E with rank functions ri,r2 respectively. Edmonds'
genera theorem on this problem is
max(|/| : / is independent in both matroids) = min (ri(Ei) + ry(E?2))-
E'lnE§=;

1)

For us Mi is the cycle matroid of a graph G = G, and M2 is the partition

matroid associated with the colours. Thus for a set of edges £, r\(§ =
n— K(S) where K (5) isthe number of components of the graph Gs = ([w], S
and r2(S) is the number of distinct colours occurring in 5. If i G W then C;
denotes the set of edges of colour i and for / C W, Cj = \Jig C{. We will
use Edmonds' theorem in the following form:

Theorem 2 Suppose \WA = n— 1. Then a necessary and sufficient condition
for the existence of an MST is that

K{d) <n-1J for all | C W. 2
[To see this, w.l.o.g. restrict attention in (1) to E2 of the form Cj and then

take/ = WA Jin (2)]

2 Proof of Theorem 1

Observe firg that if u = u(n) —> oo dowly, then in a.e. randomly coloured
graph process

me > mp = [3n(lnn — w)] and my < my = [r(lnn + w)].
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We will start by justifying a concentration on the case [W| = n — 1. We
will describe a coupled process in which there are never more than n — 1
colours used: from my onwards, the colours that have not yet been used are
randomly changed to one of the n — 1 colours that have appeared so far. The

relevant properties of this coupled process are

1. For each m € [mg,m,] the edges of G,, are independently randomly

coloured from a choice of n — 1 colours.

2. If mapr > max{me, my} holds for the original process then it also

holds for the coupled process.

Thus to prove our theorem we need only prove that
Pr(mmr > max{me,mp}) = o(1).
where Pr refers to the coupled process.
Fix some m in the range [mo, m;]. We define the event
Ay ={3I CW,|I| =k:k(C;) >n—|I|+1}.

We know that if |W| = n—1, G,, is connected and each colour is used at least
once and there is no MST then A occurs for some k € [3,n — 2] (A; U Ay
cannot occur if all n — 1 colours are used and A,_; cannot occur if G,, is

connected.) Take a minimal k, corresponding set I and let S = Cj.

Claim 1 Ggs has no bridges.

Proof If there is a bridge, remove it and all edges of the same colour.

Clearly Aj_; occurs, contradicting the minimality of k. 0
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With the notation of CIaim_ 1 suppbse then that Gs has i isolated vertices
and n—k+x—i non-trivial components, x = 1. Since non-trivial components
without bridges have at least three vertices,

i+3n-k+x-1i)<n ©)
or
3 3
I = n9-k+3x
3, 3
z Nyk+s

So now let Bk denote the event

{3 CW,\\=KTC[n : t=\T\_< 3k-1)/2,
al edges coloured with / are contained in T,
there are u > max{fc,i} /-coloured edges}.

Here T is the set of vertices in the non-trivial components of Gc;e Thus if
W\ =n-1,

k
MmnA, C [JBi for k> 3. 4

=3
For k > 9n/10 we consider a dightly different event.
We fird rephrase (2) as
K(CwWJ) < \0\ + 1 for al JQW. 5
S0 if WA = n— 1 and thereisno MST then there exist £ > 1 colours whose

deletion produces A > £+ 2 components of sizesni, ..., n\.

Claim 2 Some subsequence of the n- 's sums to between £+ 1 and n/2.



Pr oof Assumen\ < ri2 < see < MA-
If "\ > £+ 1, one of ni,..., n"-i and 7IA suffices.
Suppose thenthat n- <£, 1 <i <A.

Choose r such that

ni H——hn,<n/2, nH hn.i >n/2
and then
nin H——hn > n/2—n+i
> nf2-¢
> ¢
and we can take ni, ...,n,. .

Note next that if J is minimal in (5) then each colour in J appears at least
twice as an edge joining components of G, ;-

So if G, is connected and there is no MST and Ak does not occur for k <
9n/10 then thereisaset L of 1 < £ < n/10 colours and a set S of size
s, £+ 1 < s < n/2such that (i) al t = r/(5) = \(S: S\ > 1 edges are
L-coloured, ((5* : 9 is the set of edgesjoining 5 and'S= V\ 9, (ii) the
lexicographically first max{2"—<,0} non-(5' : S edgesjoining up components
(of the WAL coloured edges) are also L-coloured. Let T>£ denote this event.
Then
n--2 n/10
Cm N ( U Ak} C (3 PT(Ve). (6)
k=%n/10 / i=l

It follows from (4) and (6) that



Pr(mamr > max{my,me}) <

m1  [9n/10 n/10

o)+ > | D Pru(Be) + ez—: Pr,.(D:)

m=myg k=3

+pr( G (Com ﬂAn_2)) - (7)

m=mg

Here Pr,, denotes probability w.r.t. G, and the o(1) term is the probability
that G.,, is connected or that my > m;. (Our calculations force us to

separate out A,_s.)

We must now estimate the individual probabilities in (7). It is easier to
work with the independent model G,, p = m/N, where each edge occurs
independently with probability p and is then randomly coloured. For any
event £ we have (see Bollobés [1] Chapter II) the simple bound

Pr,(€) £3vVnlnnPr,(£). (8)
where Pr, denotes probability w.r.t. the model G,,.
Now, where p = alnn/n, 1 —o(1) < a <2+ o(1),

Pry(By) < 3(2)/2 (22): (Z) (n k 1) (@) (1 - nk_pl)('z')'" <7f_18?>

u=max{t,k}

sk-1)/2  (2) u X u
_<— Z i ﬁnkek (t2e> n—ka(%—o(l)) (aklnn) . (9)

k \ 24 2
t=1 u=max{tk} ek 2u n

Case 1: 3 <k <ky=n/(3Inn).

t k |
sk-1)2  (3) e3n1—a(%-0(1)) t\2*t (aeklnn\"
Pr,(Be) < >, > (_—k——} (E) ( 2u )

t=1 u=max{t,k}

k

(t )"‘t aektlnn\”
n 2un

sk-172 () (esnl—a(%—o(l))\

)

t=1 u=max{tk}



AN

t 1 k
sk-1)72  (3) Anl=*a="Mgek Inn t\*t (aeklnn\*"
t§=:1 2 2kn (;l-) ( 2n )

u=max{t,k}

1 k
0 ln n .
nﬁ—o(l)

It follows from this and (8) that

Il

mi ko
Z ZPrm(Bk) = O((nlnn)(vVnlnn)((In n)4/n2—0(1)))
m=mg k=4
= o(1). (10)
For k = 3 we compute Pr,,(B3) directly, but since now v =t = k = 3 is
forced,
2 N-3
n 3 m-3 3 3 (m_3)
. < 3
Prn(Bs) < <3> (1 — 1) (n— 1) (TNn)
= 0(e*(lnn)3n=%/?)
and so
3. Pro(Bs) = o(1). (11)

Case 2: kg < k < n/2.

We now write (9) as

t

3k=1)2  (3)

Pr,(By) < Y % (

t=1 u=max{t,k} k n 2un

) k
egnl—a(g—o(l))\ (t)u—t (aektlnTL)u

VAN

t=1 u=max{t,k}

k
sk-1/2  (3) (eznl—a(%—dl))\

(&)
k ) n "



(after maximising the last term over u)

ak-1/2 (3) Anl-$01-£-o1)) £y et
- Z 2 ( k ) (}{) (12)
U= _max{t,k}
3(k—1)f2 (3) 3 1-a(i-o(1)) ) ¥
< ¥ ("—) (13)
i=1 u=max{t,k} k
sincet < 3fc-1)/2 < 3n/4.
(13) and (8) clearly imply
n/2
S S Pra(B) = of1). (14)

m=mg k=ky

Case 3: n/2< A: <9n/10

Claim 3 Choose any constant A > 0. Then, in a.e. process, simultaneously
for each m G [mo,mi], the sets of s < A vertices of G,, which span at least
s edges together contain at most (In n)**' vertices.

Proof We need only prove this for G,; and since the property is mono-
tone decreasing we need only prove it for Gp, p\ = m\\N ([1], Chapter 11.)
But

v
En (number of vertices) < {k) f )F“lk
= 0oEe*(Inn)™).
Now use the Markov inequality. Q

It follows that we may rewrite (3) as
i+ 3(Inn)**"t + (A+ D(n-k+x-i) <n

9



and 0

i > n—%k——O((Inn)AH)

A
> ne 2 g
-

By making A aufficiently large we see that if k < 9n/10 then t < 19n/20 in
(12) and consequently

mi  9n/10

£ £ "m(By = o). (15

m=mgq fc=,/2

Case4: A;>9n/10

Pry(De) <
n s(n—s max{28—t,0
2N =N [ — N gV PNV AN AR ‘}'
)
Let u(s, t, t) denote the summand in the above and let p = alnn/n and note
that a G [1 — UJ/Inn,2 + u>/Inn].

Case4.1: 1 <2£
It will generally be convenient to split s into two ranges:

Case 4.1.1: s < nYy%

st = (Y0 oG]

o (2 (e ol

¢ tn ) \n—1
< (nl‘““*f“e)s( te W (€s{n—s)Inn\’
- s i) T )
ni-otas/ng\* (e42(n — 5)2(Inn)? ¢
ey

10



plarasdin <0 3 o(1))e (17)
wherea>_1—u>/Innand u> —> 00 sowly.
So if 5 < 3e" then (16) implies that
u(s, £,t) < p~ (1ot

and if s > 3¢e"

[4
U, < {elii“““_ 8)2(1“”)2)
nH

- o((w))-

Case 4.1.2: 5> n%/%,

Claim 4 /n a.e. process, every G, m E [mg, mj i5 5nch that TI(S) > -\\S Inn
Jor all n*/*® < |5] < n/2. where 7 > 0 is some absolute constant.

Pr oof (outline) For [| > n?/® one can use the Chernoff bounds on the
tails of the binomial rj(9. If \S < n?%*® we use the fact that with high
probability (i) Gm, has n® vertices of degree < 6lnn where €' = Ye) —» 0
with 6, and (ii) in Gy no set Sof size < n/(Inn)? contains 3151 edges. *

So if s > n'/*° then we can take t > 7slnn > 2£ for some constant 7 > 0
and this case is vacuous.

Case 4.2 : t> 2£.

ne\?* (n_l)e ¢ 3(n—s)el+”a£1nn)‘ —as(n—s)/n
us,6t) < (?) ( 14 ) \( tn(n - 1) "

n



(nl atas/" g\' -De\' fs(n-s)e' +' anqn\( 18)
3J t% Jf( tn(n-1) )

Case 4.2.1: t< 2n and so ((n - \)e/t)! < (2ne/«)"’*-
nl=etes/Nay /20 £lnnV
u(s,,2) < ( - y (t3 i) (19)

Case 4.2.1.1: s< n"*. Now (17) gives

(nl_a;m;ne)’ . ((1+o(:))ew+l)’

< e(l +0(l))e“"

= e° sy,
and so0 (19) implies

u(s,.£,0)<| —r—’\\} (20)

—"U-J}

Case 4.2.1.2; s> n*/*°.
Using Clam 4 and (19),
_ l ‘
u(s, £,t) < n=*1 (——-1~——-—-) :
ng—o(l)ﬁ
Case 4.2.2: t > 2n and s0 (ne/f)® < €' < 2

From (18),

e
ucs ,t)<_( ‘1 +0 J) \{205811111\

Case 4.2.2.1: s< n*/*.



Arguing as in (20),
s \!
'U.(S, €, t) < (n_lT(l)) .

Case 4.2.2.2: s > nl/10,

u(s, 1) S ((1 +o(1))e“’+1>3 (ﬁ)‘.

S n

From Claim 4

for some constant A > 0. Now this clearly implies

u(s,f,t) =0(27") (21)
for £ < n/(3A). For £ > n/(3A) we have s > ¢ and

u(s,?,t) < n=24"

and so (21) holds here also.

Summarising,
90 pl/10 p1/10 t
PD) = O3 3 (—1_0(1)) F Y Y (o 1)
t=1s=t+1 \7 t=2041 s=t+1 \p2°W)

o2n  n/2 s t /10 g(n—s) t
+ 2 2 (1—) Z > (10(1))

t=2041 5=n1/10 n§-°(1>\/§ s=1 t=2n+1 \ 2

nf2 s(n—s)
+ >, Yy 2
s=n1/10 t=2n+1

— O(en—(.g—o(l))f).

where the double summations correspond to the five cases enumerated above.

Thus, we see that

m; n/10
_E Z:Prm(De) = O((nlnn)(Vnlnn)n™'7)

= o(1). (22)
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We are thus left with Pr (UmL,, (Cr N An—2)).

=my

We consider G,,,. We know that a.e. G,,,, consists of a giant connected
component C plus O(e*) isolated vertices T. If UL, (Cn N A,—2) occurs at

=my

some time during the process then either

(7) there exist u,v € T such that the first edges of the process that are

incident with each of u and v are the same colour,
OR

() there exists a colour ¢ and a set S, 2 < |S| < n/2 such that in G,,, the
t > 2 (S :S) edges are all of colour c.

(Suppose that deleting the edges of colour ¢ from G,, produces at least three
components. If colour £ has not occurred by time mg then two of these
components must be vertices from 7', contradicting (i). If G,,, has edges of

colour ¢ then deleting these edges must beak C into at least three pieces.)

Clearly
Pr((:)) = o(1) + O(e*’/n) = o(1).
Furthermore
< S e )

= O(n'(l“"(l)).

14
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The upper bound is good enough to apply (8) and so Pr,,,((i7)) = o(1). Thus

Pr ( U € A,,_z)) = o(1). (23)

m=m,

Our theorem now follows from (7),(10),(11),(14),(15),(22) and (23).
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