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Abstract
Suppressing the effects of liquid loading is a key issue for efficient utilization of mid and late-life
wells in shale-gas systems. This state of the wells can be prevented by performing short shut-ins
when the gas rate falls below the minimum rate needed to avoid liquid loading. In this paper, we
present a Lagrangian relaxation based scheme for shut-in scheduling of distributed shale multiwell systems. The scheme optimizes shut-in times and a reference rate for each multi-well pad,
such that the total produced rate tracks a given short-term gas demand for the field. By using
simple, frequency-tuned well proxy models, we obtain a compact mixed integer formulation
which by Lagrangian relaxation renders a decomposable structure. A set of computational tests
demonstrates the merits of the proposed scheme. This study indicates that the method is capable of solving large field-wide scheduling problems by producing good solutions in reasonable
computation times.
Keywords:
Shale-gas production, Lagrangian relaxation, mixed-integer programming, parameter
estimation.

1. Introduction
The use of shale-gas as an energy resource has increased extensively over the last decade [1].
Even though shale-gas recovery has primarily been a U.S. driven industry, there is currently an
increasing exploration of shale and other tight formation resources both in the Middle East, in the
North Africa, in China as well as in Europe [2]. The long horizontal wells and stimulation with
hydraulic fracturing needed to obtain profitable recovery rates from the very tight rock formations, is however very costly. The last years’ low gas prices have therefore made many shale-gas
fields barely economical. This clearly increases the need for efficient planning, exploration and
production techniques in shale-gas recovery.
Modern shale-gas developments are characterized by an increasing use of multi-well pads
for shearing of surface infrastructure, both in the production from the wells and during the completion [3]. Multi-well pads consist of several wells drilled at a single location, hence reducing
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Figure 1: Illustration of three pad shale-gas system.

the foot-print at the well locations by requiring less space for surface equipment, while at the
same time encompassing a substantial part of the valuable shale formation. The pads are normally spread over a wide geographical area, with interconnecting pipeline networks transporting
the gas to a compressor or processing station. This infrastructure is illustrated in Figure 1. The
gas-rate production profile from shale-gas wells are characterized by an initial high peak-rate or
plateau rate if choking is performed, with a early steep decline followed by low pseudo steadystate rates [4; 5]. Shale-gas wells may produce at this pseudo steady-state for some hundred
days or even for many years. All shale and tight formation gas wells will, however, eventually
reach the state where the wells’ pressure is insufficient to lift co-produced water to the surface,
causing liquid accumulation in the vertical wellbore [6]. This state is known as liquid loading,
and observed by very erratic and unstable rate, sharp drops in the decline curve [7; 8] or semistabilization of the production rate at significantly lower levels [6; 9], so-called meta-stable rates.
Liquid loading severely deteriorates the performance of gas wells, and requires some remedial
operational procedures. Whitson et al. [6] showed that liquid loading can be eliminated by performing short regular shut-ins when the producing gas rate reaches the minimum rate required
for continuous removal of liquids in the wellbore. This scheme is illustrated for a single well
in Figure 2. Whitson et al. [6] also demonstrated that a cyclic scheme leads to minimal loss
in cumulative production for low permeability wells when comparing to continuously-unloaded
(”ideal” and non-realistic) production, while a significant improvement was obtained when comparing the cyclic with production at meta-stable rates.
The cyclic shut-in scheme introduced by [6] was extended to multi-well systems and timevarying shut-ins in [10]. The problem of optimizing shut-in times for shale multi-well pads was
be formulated as a mixed integer linear program (MILP), using simplified well and reservoir
proxy models [11]. For field-wide multi-pad systems, however, the dimensionality of the MILP
becomes computationally prohibitive. The distributed shale-gas multi-pad system shown in Figure 1 renders a network-type structure with limited coupling between the pads. For these types
of systems, the use of a Lagrangian relaxation method provides an efficient solution approach by
decomposing the original problem into smaller subproblems, see e.g. [12; 13]. Still, any effi2
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Figure 2: Illustration of a cyclic shut-in scheme, showing the simulated gas rate for a multi-fractured horizontal shale-gas
well using a fixed shut-in time.

cient implementation of a Lagrangian relaxation requires a stable and reliable method for finding
optimal Lagrangian multipliers, as well as a heuristic for finding primal feasible solutions based
on the solution from solving the Lagrangian and the dual. Furthermore, for the type of mixed
integer dynamic system considered in this paper, an efficient optimization scheme relies on using sufficiently accurate and numerically efficient proxy models, together with a good problem
formulation such that the subproblems can be solved in reasonable computation time. The goal
of this paper is to address these issues in the context of shut-in based production planning for the
shale-gas multi-pad system shown in Figure 1.
The remainder of this paper is organized as follows. Section 2 presents a review of the shale
well and reservoir proxy model. In Section 3, we present a parameter estimation problem for
tuning of the proxy model, together with a simple scheme for updating the model parameters.
Section 4 presents the formulation of fullspace optimization problem, while the Lagrangian relaxation scheme is presented in Section 5. Subsequently, results from computational testing of
the scheme will be presented in Section 6. A discussion on the applicability and the numerical
efficiency of the proposed scheme is given in Section 7, with concluding remarks in Section 8
ending the paper.
2. Shale well and reservoir proxy modeling
Hydraulically fractured shale-gas reservoirs are conventionally modeled either as variations
of the dual-porosity idealization of naturally fractured reservoirs [14], as discrete fracture models [15], or as fully discretized single-porosity dual-permeability models [16]. These modeling
techniques have different merits and drawbacks in terms of accuracy, detail level and numerical
efficiency, while they are all constructed with the incentive of both capturing highly dynamic
short-term effects as well as predicting long-term recovery rates. In contrast to these detailed,
numerically demanding modeling schemes, is the widespread use of simple semi-analytical or
empirical models for gas-rate forecasting [7; 17; 18]. These models, however, assume continuous production at a constant bottomhole pressure, and are therefore not suited for optimization
of a cyclic production scheme.
3

Figure 3: The topside view of the grid pressure after 450 days of constant production from simulation of a multi-fracture
shale-gas reservoir model.

Both of the aforementioned groups of shale-gas modeling schemes are efficient for their purposes, but lack applicability with respect to the goal of efficiently optimizing shut-ins for large
multi-well systems. A simplified well and reservoir proxy model was therefore derived in [11],
with modifications and extensions in [10]. Consider Figure 3 showing the grid pressure after 450
days of constant production in a simulated multi-fracture shale-gas reservoir model. The pressure
depletion around and between the fractures will over time ”homogenize” the stimulated reservoir volume encompassing the fracture system, leading to a determination of average properties
and pressures in this region of the reservoir. During shut-ins, gas will flow from the outer low
permeability region with high pressure (red in Figure 3) and recharge the effective low-pressure
fracture system volume with gas. The reservoir proxy model is based on approximating the effective low-pressure high-conductivity volume marked out in Figure 3 as one, compact volume.
By using a radial composite model as shown in Figure 4, we construct the proxy as three-region
model with an intermediate crushed rock-type volume and a low permeable outer region representing the tight shale rock. The effective high-conductivity volume in Figure 3 will vary and
clearly increase at late times of the well.
Assuming Darcys law and single phase gas together with the law of mass conservation and
the equation of state for real gases, the nonlinear partial differential equation (PDE) for the gas
flow in the radial composite proxy model in Figure 4 is given by
!
p
∂p 1 ∂
p
∂p
φ
c(p)
=
k(r)
r
,
(1)
Z(p)
∂t
r ∂r
µ(p)Z(p) ∂r
where p is the pressure, k(r) is a radially dependent permeability, µ(p) is the gas viscosity, Z(p)
is the gas compressibility factor and c(p) is the total compressibility. The pressure dependency of
µ(p) and Z(p) can be efficiently handled by the variable transformation known as pseudopressure
[19],
Z p
p0
m(p) = 2
d p0 .
(2)
0
0
0 µ(p )Z(p )
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Figure 4: Illustration of proxy model

By using Neumann boundary conditions with a producing well (sink) at the center rw , no-flow
conditions at the outer boundary re , and a given initial reservoir pressure, we obtain the following
initial boundary-value problem (IBVP) in terms of the reservoir pseudopressure m(p) [11].
!
∂m 1 ∂
∂m
φµc
=
k(r)r
,
(3a)
∂t
r ∂r
∂r
∂m
T psc
r
=q
,
(3b)
∂r rw
T sc πhk
∂m
= 0,
(3c)
∂r re
m(r, 0) = minit .
(3d)
where q is the gas rate, T is reservoir temperature and h is the horizontal length of the well. The
subscript sc refers to evaluation at standard condition, 1 bar and 15.6◦ C. All gas volumes and
volumetric rates are given in standard conditions in the rest of the paper. The product µc in (3a)
is evaluated at given pressures, hence rendering a semi-linear PDE. This technique is elaborated
in Section 3 below. The initial pseudopressure (3d) is calculated by trapezoidal integration of the
corresponding values of p, µ and Z which are obtained by gas correlations, see [20].
The IBVP (3) is discretized in space and time in [11], using a finite difference scheme. Spatial discretization applies central difference approximations, i.e. with a second order accuracy.
The time discretization uses the backward Euler scheme, or equivalently, a first order orthogonal
collocation on finite elements with fixed element lengths. In the completion and design of shale
gas wells, a maximum rate qmax is normally specified based on the surface equipment specifications together with long-term strategic planning of the wells. Moreover, a minimum wellhead
pressure is required with respect to the given line pressure. The well rate will initially, or after
a shut-in, deliver a peak or plateau rate for some time until the wellhead pressure is equal to the
line pressure and the rate starts to decline. Combing these expected features, a simple aggregated
well and wellbore model was derived in [11]. Using this aggregated model together with the discretized reservoir proxy model leads to the following simplified single well and reservoir proxy
5

model.
Amk+1 = mk + Bqk+1 ,
m0 = minit ,
n

o
qk = min qmax , β mk1 − m(eS pw ) ,

(4a)
(4b)
(4c)

where m ∈ R4 is a vector containing the pseudopressure in each grid block, A is a tridiagonal
matrix, B is a single-column matrix, β is a constant, possibly skin-dependent well index and pw
is the wellhead pressure.
2.1. Critical gas rate
A critical gas rate qgc , sometimes referred to as the minimum rate to lift, can be specified
as a lower bound on the flowing gas rate qk in order to ensure continuous removal of liquids
in the wellbore. The most widely applied model for calculating qgc is given by [21], with the
onset of liquid loading observed for the majority of gas wells to be controlled by the wellhead
conditions. Coleman, Clay, Mccurdy, and Norris III [22] modified Turner’s criterion for onset of
liquid loading for gas wells with lower wellhead pressures. As shale-gas wells normally operate
at low wellhead pressures, we hence use their model for calculating qgc . By ensuring that the
producing gas rate is always greater or equal to qgc , we avoid accumulation of liquids in the
vertical part of the wellbore. Furthermore, we limit the valid region of our model and avoid the
need to use a multiphase model for low liquid systems as dry and semi-dry shale-gas wells.
3. Computing model parameters
The gas-rate profile from shale and fractured tight formation wells is observed to be defined
by three distinct sets of transients. The first is a steep decline following the early-time peak or
plateau rate, during which the gas initially stored in the fracture network is drained. The second
is a very long transient with low rates, often characterized as a pseudo steady-state condition.
The last category is pressure build-up transients observable during re-openings of wells after
shut-ins. Modeling all of these transients accurately is recognized as inherently difficult [23],
even for very complex and detailed numerical models. Consequently, there are fundamental
trade-offs when constructing shale-gas models, and clearly a proxy modeling scheme must take
into account which type of transients the proxy should replicate.
The basis for the scheme we propose is to perform short, regular shut-ins to prevent liquid loading. Clearly we are most interested in constructing a model replicating the last of the
aforementioned categories of transients, i.e. the transients from re-opening a well after a shutin. During shut-ins, the gas stored in the low permeable shale matrix will flow into the highly
conductive fractures and refill these small volumes with gas. The transients in the gas rate when
the well is subsequently started up will exhibit slightly different characteristics depending on the
length of the shut-ins and the pressures at the time of shut-in. The duration of these transients
depends on the pressure build-up in the near-wellbore region, which in turn depends on several
factors. The first is the essential reservoir characteristics such as the formation permeability, the
conductivity of the fractures and the effective volume of the hydraulically induced and natural
fractures. Some of these properties, in particular the formation permeability and the average fracture half-length, can be estimated using the techniques described in [7] and [18]. Other effects
6

that impact the magnitude of the pressure build-up during shut-ins include the total compressibility in (3a). Assuming negligible rock compressibility and using the equation of state for real
gases, the total compressibility for gas reservoirs under isothermal conditions can be expressed
as [20]
1
1 ∂Z(p)
1 ∂ρ
= −
.
(5)
c(p) =
ρ ∂p T
p Z(p) ∂p T
The compressibility of the gas decreases the initial pressure build-up during shut-ins, as some of
the pressure change is used to decrease the volume of the gas in pores of the reservoir. These
pressure effects are strongly nonlinear, and recognized as difficult to include in semi-analytical
and proxy models, particularly in conjunction with the use of pseudopressure m(p). Commonly
applied techniques include evaluating c(p) at the initial pressure or at the average of the initial
reservoir pressure and the bottomhole pressure. Both of the former techniques is equivalent with
assuming a slightly compressible fluid. However, instead of choosing at which pressures to evaluate the compressibility, we parametrize the proxy model (3a) with distinct compressibilities cf
and ctran in the fracture region and the transition region, respectively, and apply a tuning of the
model to achieve a good compromise between the compressibility effects during pressure depletion and build-up. As the pressure in the outer low permeability region remains almost constant,
we evaluate c(p) at initial conditions in this region. We further estimate a fracture radius rf and
an approximated well length h̃ for describing the varying effective high-conductivity volume in
Figure 3, and an average permeability ktran in the intermediate transition region. Together, this
defines the vector
h
iT
θ = rf ktran cf ctran h̃
(6)
of unknown parameters in the proxy model (4).
To estimate parameters in the proxy model, we formulate a constrained weighted nonlinear least squares (WNLS) problem. Using weighted least squares in model tuning and system
identification as apposed to ordinary LS estimation, provides a means for emphasizing certain
dynamics of the system to be modeled. The weighting of the residuals in the WNLS problem can
be obtained by prefiltering of the data [24]. A linear prefilter acts as a frequency weighting of the
objective function, and can be designed to increase the model accuracy in the frequency range
of interest. This interpretation of the prefilter, however, only applies to strictly linear system
identification [25]. Moreover, the equivalence of input-output data filtering and prediction error
filtering in linear LS system identification [24], does in general not hold for nonlinear systems
[25]. By using the Volterra series representation of nonlinear systems together with the generalized frequency response function, Spinelli et al. [25] demonstrated that reduced estimation bias
in the desired bandwidth can be achieved by filtering of the prediction errors compared to separate filtering of the input/output data set. Consequently, even though the frequency weighting
interpretation only strictly holds for linear parameter estimation, we can obtain a similar effect
in the nonlinear case by filtering the prediction errors through a properly designed filter. Let the
prefilter Lp (γ) be given by a general infinite impulse-response filter (IIR),
M
P1

C(γ)
=
Lp (γ) =
D(γ)

m1 =0

1+
7

cm1 γ−m1

M
P2
m2 =1

,
dm2 γ−m2

(7)

where γ−1 is the unit delay operator1 . The filter (7) can be included as a recursive digital filter
in the WNLS. Note that the filter equations then simply amounts to a set of linear constraints
enforced for each timestep, and hence do not increase the complexity of the resulting NLP. We
use a second-order digital low-pass Butterworth filter with a bandwidth [0, 0.4], normalized with
respect to the Nyquist frequency. Let
k := qk − qMFR
k

(8)

be the prediction error, where qMFR is the gas rate from the multi-fracture reference model (MFR).


Further, let ȳ = ȳ1 ȳ2 ... T be a predefined vector of binary valve-settings defining a shut-in
schedule. Using an estimation horizon K̂, we then estimate the proxy model parameters θ by
solving the NLP
X  2
min
kf
(9a)
θ

k∈K̂

s.t.
kf = Lp (γ)k
k = qk −

qMFR
k

A(θ) mk+1 = mk + B(θ)qk+1 ,

∀k ∈ {K : k ≥ max(M1 , M2 )}

(9b)

∀k ∈ K

(9c)

∀k ∈ K \ K

(9d)

m0 = minit ,

(9e)

!
q
1
max
2
2
max
qk =
q̃k + q − (q̃k − q ) + δ1 + δ2 ,
2



q̃k = ȳk β(θ) mk1 − m eS pw ,
θ ≤θ≤θ
lo

up

∀k ∈ K

(9f)

∀k ∈ K

(9g)
(9h)

ctran ≤ cf

(9i)

where (9f) is a smooth approximation of theh non-smooth
i well model (4c), with smoothing
−2
−3
parameters δ1 and δ2 selected from the interval 10 , 10 . The second smoothing parameter
δ2 is added to prevent negative rates when the well is shut-in. Observe that whenever ȳk = 0
for some k ∈ K, then q̃k = 0 and hence qk ≈ 0 since (9f) gives the minimum of q̃ and qmax .
The constraint (9i) is based on the property that average compressibility in the reservoir is higher
closer to the wellbore, and serves as a regularization of the parameter estimation problem in
addition to the bounds (9h) [26; 27]. Note that the compact parameteric representation (9d) of
the discretized PDE model consists of a set of nonlinear equations used to define the spatial
gridding and the transmissibilities in the reservoir model. For further details on the derivation of
the proxy model (9d), see [11].
For the tuning of the proxy model, we use a high-fidelity multi-fracture reference model
constructed with cylindrical geometry similar to Figure 3 with ten equally spaced fractures. The
high-fidelity model is implemented in the state-of-the-art simulation software SENSOR [28],
using logarithmic grid refinements between and outside the fractures, with totally 4200 grid
cells. We further extend the high-fidelity reservoir model with a static wellbore model, see e.g.
1 The unit delay operator is usually defined as q−1 [24]. However, as q is used as notation for the gas rate, we use for
notational convenience γ−1 as the equivalent operator.
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[29]. Essential given model parameters in the proxy and the reference model are quoted in Table
1. We use a ∆k = 1 day fixed timestep for the proxy model, while we use a one hour timestep
for the multi-fracture reference model to capture more of the high-frequency dynamics in this
model. Note that in practice the rates are likely to be available on a daily basis only. The NLP
(9) is implemented in GAMS [30] and solved with the NLP solver CONOPT v3.15. The results
of the tuning of the proxy model is shown in Figure 5, where we have used two shut-ins of five
and three days, respectively, to excite the model. The proposed modeling and tuning scheme
renders a good match of transients after shut-ins of a couple of days. The match is observed to
be tighter in the pseudo-steady state region for the second transient compared to transient after
the first (five-day) shut-in, while a discrepancy is seen in the peak-rate after the second, threeday long shut-in. This discrepancy reflects the trade-offs made in the proxy modeling (4) and in
the design of the prefilter (7): increasing the bandwidth or shifting the bandpass would increase
the gain on the fast modes of the system and hence, give a better match of the second peak in
Figure 5. A nonzero steady-state gain is necessary however to obtain an acceptable match of the
models at the time at which the rates crossed qgc , as the rate at 585 days are almost steady-state.
Arguably, one could consider using a bandpass filter instead of a low-pass filter to place more
emphasis on the transient modes and thereby better match the peak rates. This will, however,
give a higher bias in the rate of the proxy model in the pseudo steady-state regions, and lead to
an almost non-decreasing rate after the initial decline of the rate. Some of the mismatch in the
curvature of the transients is also due to the constant compressibility assumption, while parts of
the mismatch may be compensated for by a higher-order discretization scheme. Note that the
parameter estimate will be somewhat sensitive to the NLP starting point since the WLNS (9) is
a non-convex NLP. To compensate for this dependency, we have used a multi start-point strategy
with different initial choices θinit to provide good starting points for the NLP (9).
The advantage of using a Butterworth filter is the flat magnitude in the bandpass. However,
as Butterworth filters are all-pole filters, there will be a significant phase shift at the output of the
filter, particularly for high-order filters. Care must therefore be taken with respect to the choice
of filter order if the length of the time-series of production rates is short and there are shut-ins
at the end of time-series, as parts of the transient may be lost due to the phase lag of the filter.
Compared to linear system identification, in which a prefilter tends to cut off model content in
frequencies outside the bandpass, the prefilter applied in nonlinear system identification introduces a scattering of the frequency spectrum outside the bandpass. This property may impact the
frequency weighting in (9) and hence the model match. See [25] for further details and analysis.
Table 1: Given reservoir model parameters.

Symbol
φ
km
zw
pr
pw
qmax
h
nf

Parameter
porosity
formation permeability
true vertical depth
initial reservoir pressure
minimum wellhead pressure
maximum rate
true length of horizontal wellbore
true number of hydraulic fractures
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Value
6
3 × 10−4
2300
200
6.9
4 × 104
492
10

Unit
%
mD
m
bar
bar
m3 /d
m
-
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Figure 5: Tuning of parameters θ the proxy model. The first transient corresponds to a five-day shut-in, while the second
shut-in is three days long.

3.1. Updating model parameters
One of the key issues for industrial appreciation of model-based decision support tools is the
user’s ability to maintain and update the models used [31]. This is particularly challenging for
asset and field-wide optimization similar to the problem in this paper, which includes multiple
disaggregated model types such as reservoir, surface and wells models, all having different time
scales. Challenges are related to the complexity of the models used in the optimization [32], the
level of automation of the model update, and the (possibly excessive) amount of data available.
Quite commonly, models are updated quite infrequently, e.g. on a yearly basis [31]. Such seldom model updates introduce a significant time-delay in the feedback decision loop, and clearly
deteriorate the accuracy and the performance of the decision support tool [31]. In this context,
there is an evident advantage of using model predictive control (MPC) compared to real-time
optimization with separate model updating, as model errors and slowly drifting in parameters are
compensated for by the per-timestep feedback and estimation of initial conditions. However, the
use of MPC in a large, geographically spread petroleum production system introduces several
challenges, and requires a high level of automatic control and less human-in-the-loop operations.
Although a cross-validation in [10] of a similar realization of the proxy model (4) showed
a good match with the reference model, the accuracy of the proxy model will abate over time.
This is a results of the tuning technique (9d) in which only a limited window of data and shut-ins
is used, as well as the prefilter. On a long horizon, though, the actual flow and pressure characteristics of the reservoir change as result of local pressure depletion in the fracture network,
transition to boundary dominated flow and change in proppant distribution and near-wellbore
skin [18]. Shale-gas reservoirs may also contain time-varying parameters such as pressure dependent formation permeability [16]. The parameter vector θ should hence be updated using a
moving horizon-type (MHE) parameter estimation technique [33]. Using a window length K̂u
of only the last set of applied shut-ins, we limit the weight on the earlier observed shut-ins and
10

tuning of the proxy model. For a given θ∗ obtained by solving the initial parameter estimation
(9) shown in Fig. 5, we update the proxy model by solving an augmented form of the WNLS
problem (9),
X  2
(10a)
min
kf + (θ − θ∗ )T DTs PDs (θ − θ∗ )
θ

k∈K̂u

s.t.
equation (9b) - (9i),

(10b)

where P is a symmetric positive definite matrix, and Ds is a diagonal scaling matrix used to
normalize the different parameters in θ. The updating of the proxy model by solving (10) is
qualitatively different from ordinary moving horizon based parameter (and state) estimation [33].
In MHE, the quadratic term in (10a) corresponds to an arrival cost on new data, where an optimal
P can be computed by an Extended Kalman filter or other techniques. Consequently, P is in this
case used to aggregate previously obtained information on the model. The shale-well proxy
model, however, is only valid in a limit area (i.e. over a certain time and pressure range). Rather
than aggregating information, we want the estimates to be gradually forgotten as new shut-in
data becomes available. Consequently, we update the matrix P as a type of forgetting factor [24],
Pk̂+1 = αIPk̂

(11)

and use the last estimate θ̂ as the starting point when solving the NLP (10). Figure 6 compares
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Figure 6: Updating parameters in the proxy model.

the rate of the proxy model using the initial optimal parameter vector θ∗ with the updated proxy
model from solving (10). The initially tuned proxy preserves the essential curvature in the rate
transients, but displays a prominent bias. This bias relates to the total pore volume of the proxy
model compared to the actual reservoir (reference model). The volumes of the fracture and
transition region are too small to capture the long-term gas drainage as they compensate for
11

short-term pressure transients during shut-ins, hence leading to a fast pressure depletion. The
outer, low permeability grid block, which in a way acts as a source term, is unable to compensate
for this pressure depletion, hence leading to high pressure gradients. Figure 6 also shows the
difficulty encountered when shorter shut-ins are used to update the proxy as seen after 772 days.
For such short shut-ins the dynamics are even faster, and the proxy does not match the high peak
after re-opening the well.
4. Formulation of optimization problem
Table 2: Indices and set definitions

Index
i
j
k
l
n
d

Interpretation
spatial reservoir grid block
well number
discrete time index
pad number
iteration in Lagrangian scheme
terms in the disjunctions

Set
I
J
K
L
-

Elements
{1 . . . I}
{1 . . . J}
{0 . . . K}
{1 . . . L}
{1 . . . N}
{1, 2, 11, 12, 13}

This section describes the formulation of the optimization problem for the shale-gas multipad structure depicted in Figure 1. We assume that a production plan for K days in terms of a
reference rate qREF is given from strategic and contract based management of the field. Without
loss of generality, we will assume that the reference rate is constant for the entire horizon K.
When shutting in multiple wells at a single location without some scheduling, then in the worst
case the entire set of wells at one pad may be shut in at the same time giving zero total rate,
while the peak rate when the wells are subsequently re-opened may be unfeasibly high. This
must clearly be avoided. We want each pad l ∈ L to produce a stabilized rate qref
l to prevent high
pressure and rate oscillations in the feed to the compressors, while at the same time, produce
close to the overall reference rate qREF over the given planning horizon.
Optimization problems with logical structures and conditions may benefit from starting with
a generalized disjunctive programming (GDP) formulation [34] instead of an ad-hoc mixed integer formulation, as a GDP formulation generally captures more directly the connections between
the logical part and the constraints of the problem [35]. Based on a nonconvex and nonsmooth
GDP formulation using the well model (4c) explicitly in the disjunction, an MILP reformulation of the problem was derived in [10]. The reformulation is based on a direct big-M type
reformulation of the disjunction with an subsequent exact reformulation of the min-function, and
was shown to be computationally superior to equivalent reformulations of the disjunction with
smooth approximations of the min-function. The min-function, however, is a disjunction itself
[36]. Consequently, we can rewrite the nonsmooth well-model (4c) as a disjunction based on the
well inflow model and the maximum rate qmax . This disjunction is then embedded into the main
disjunction deciding if a well is producing or shut in. We further include logical constraints for
requiring a minimum shut-in and production time between each succeeding shut-in cycle [10].
By combing the reference rate objectives described in the previous paragraph with the logical
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formulation for shutting in the wells, we obtain the GDP model
X
Pad
max qref
Z = min
l − qlk
l∈L

(12a)

k

s.t.
X

REF
qref
l =q

(12b)

l∈L
pad

qlk =

X

q jk ,

∀l ∈ L, ∀k ∈ K

(12c)

∀l ∈ L, ∀ j ∈ J, k ∈ K \ K

(12d)

∀l ∈ L, ∀ j ∈ J

(12e)

∀l ∈ L, ∀ j ∈ J, ∀k ∈ K

(12f)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(12g)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(12h)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(12i)

j∈J

Al j ml jk+1 = ml jk + Bl j ql jk+1 ,
ml j0 =

minit
lj ,






q̃l jk = β j ml jk1 − m eS l j pw,l j ,


Yl1jk




q
≥
q
l jk
gc

 " 2 #




Yl11jk
  Yl12jk
 ∨ Yl jk ,

q̃l jk ≤ qmax − δe  ∨ q̃l jk ≥ qmax  ql jk ≡ 0
 



ql jk = q̃l jk
ql jk = qmax 
Yl1jk Y Yl2jk ,
Yl1jk

⇔

Yl11jk

Y

Yl12jk ,



Yl1jk−1 ∧ ¬Yl2jk ⇒ Yl2jk+1 ∧ . . . ∧ Yl2jk+τ1 −1 ,

∀l ∈ L, ∀ j ∈ J, k ∈ {K : 1 ≤ k ≤ K − τ1 + 1}
(12j)




Yl1jk ∧ Yl2jk−1 ⇒ Yl1jk+1 ∧ . . . ∧ Yl1jk+τ2 −1 ,

∀l ∈ L, ∀ j ∈ J, k ∈ {K : 1 ≤ k ≤ K − τ2 + 1}
(12k)



Yl1jk , Yl11jk , Yl12jk , Yl2jk ∈ {True, False}
Observe that in (12a) we have used the sum of the infinity norm between the per timestep pad rate
pad
e
qlk and the corresponding pad reference rate qref
l as the objective function. The constant δ in
(12g) is included to enforce non-satisfaction of both of the terms in the embedded disjunctions,
and is set typically to 0.001 in implementations (cf. [37]). The above logic-based problem
formulation is in non-standard GDP form [34; 35] due to the embedded disjunction (12g), but
can be systematically transformed into standard GDP form by using the technique described
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[35; 37]. This leads to the following logically equivalent representation of the disjunction (12g),
"
# " 2 #
Yl1jk
Yl jk
,
∀l ∈ L, ∀ j ∈ J, k ∈ K
(13a)
∨
ql jk = 0
ql jk ≥ qgc


 
Yl11jk
 h i

  Yl12jk
q̃ ≤ qmax − δe  ∨ q̃ ≥ qmax  ∨ Y 13 ,
∀l ∈ L, ∀ j ∈ J, k ∈ K
(13b)
l jk

 l jk
  l jk
ql jk = qmax
ql jk = q̃l jk
Yl1jk Y Yl2jk ,
Yl11jk
Yl1jk
Yl13jk

Y Yl12jk Y Yl13jk ,
⇔ Yl11jk Y Yl12jk ,
⇔ Yl2jk .

∀l ∈ L, ∀ j ∈ J, k ∈ K

(13c)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(13d)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(13e)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(13f)

The Boolean Y 13 is introduced to allow the logical state ¬Y 11 ∧ ¬Y 12 . Transforming (12) into
the standard form (13) allows us to asses different ways of reformulating the disjunctions into
algebraic equations. Raman and Grossmann [34] showed how linear GDPs can be converted
to MILPs by introducing binary variables y with one-to-one correspondence with the Boolean
variables Y, and using either a Big-M reformulation [36] or the convex hull description of general linear disjunctions derived by Balas [38]. The polyhedral convex hull description of linear
disjunctions is based on disaggregation of the variables in the disjunction and assuring that only
one of the terms in the disjunction is active. The convex hull reformulation yields an LP relaxation at least as tight or tighter than big-M reformulations, and hence generally stronger lower
bounds and reduced computation time [35; 39]. Still, the convex hull reformulation requires more
variables and constraints than big-M reformulations. This may translate into longer computation
time for some problems [35; 39]. Based on our computational experience, we observed that a full
convex hull reformulation of the disjunctions (13a)–(13b) resulted in longer computation times
than using the convex hull reformulation for (13a) and a big-M reformulation of (13b), while
only a marginal improvement in the LP relaxation was observed when using the full convex hull
reformulation. Disaggregation of ql jk in (13a) then yields
ql jk = q1l jk + q2l jk ,

∀l ∈ L, ∀ j ∈ J, k ∈ K

(14)

y1l jk + y2l jk = 1,
q1l jk , q2l jk ≥ 0,

∀l ∈ L, ∀ j ∈ J, k ∈ K

(15)
(16)

which by substitution of the disaggregated variables into (13a) simplifies to
qgc y1l jk ≤ ql jk ≤ y1l jk qmax ,

∀l ∈ L, ∀ j ∈ J, k ∈ K

(17)

since q2l jk ≡ 0, and q̃l jk does not appear in this disjunction. The big-M reformulation of (13b) is
obtained by rewriting the equality constraints as two inequalities and introducing big-M parameters for each term. The logical proposition (12j)–(12k) for the minimum shut-in and production
time can be transformed to linear algebraic inequalities by replacing the implications with disjunctions, converting the resulting disjunction to conjunctive normal form and then replacing the
logical relations with its algebraic counterparts, see [40]. This eventually leads to the following
primal MILP problem.
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X

Z = min

(18a)

fl

l∈L

s.t.
qREF =

X

qref
l

(18b)

l∈L
pad

∀l ∈ L, k ∈ K

(18c)

pad
qlk ,

∀l ∈ L, k ∈ K

(18d)

∀l ∈ L, ∀k ∈ K

(18e)

fl ≥ qref
l − qlk ,
fl ≥ −qref
l +
X
Pad
q jk ,
qlk =
j∈J

Al j ml jk+1 = ml jk + Bl j ql jk+1 ,

∀l ∈ L, ∀ j ∈ J, k ∈ K \ K

(18f)

∀l ∈ L, ∀ j ∈ J

(18g)

∀l ∈ L, ∀ j ∈ J, ∀k ∈ K

(18h)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18i)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18j)

q̃l jk − qmax + δe ≤ M 11 1 − y11
l jk ,


11
11
ql jk − q̃l jk ≤ M 1 − yl jk ,


q̃l jk − ql jk ≤ M 11 1 − y11
l jk ,


qmax − q̃l jk ≤ M 12 1 − y12
l jk ,


ql jk − qmax ≤ M 12 1 − y12
l jk ,


qmax − ql jk ≤ M 12 1 − y12
l jk ,

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18k)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18l)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18m)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18n)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18o)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18p)

12
13
y11
l jk + yl jk + yl jk = 1
12
1
y11
l jk + yl jk = yl jk
y1l jk + y2l jk = 1
2
y13
l jk = yl jk
y1l jk−1 + y2l jk ≤ 1 + y2l jρ ,

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18q)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18r)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18s)

∀l ∈ L, ∀ j ∈ J, k ∈ K

(18t)

∀l ∈ L, ∀ j ∈ J, k ∈ K \ 0

(18u)

ρ ∈ [k + 1, min {k + τ1 − 1, K}]

(18v)

∀l ∈ L, ∀ j ∈ J, k ∈ K \ 0

(18w)

ρ ∈ [k + 1, min {k + τ2 − 1, K}]

(18x)

ml j0 = minit ,



q̃l jk = β j ml jk1 − m eS l j pw,l j ,
qgc y1l jk

≤ ql jk ,

ql jk ≤

qmax y1l jk ,


y2l jk−1 + y1l jk−1 ≤ 1 + y1l jρ ,



Introducing the auxiliary variables fl with the constraints (18c)–(18d) exactly reformulates the
non-smooth objective function (12a). Note that although the MILP formulation (18) can be
considerably reduced by substituting dependent binary variables, we leave this reduction and
tightening of the problem to the presolve routines in the MILP solver (such as CPLEX and
Gurobi).
Similar constraints as (18u)–(18w) for the minimum shut-in and production time for each
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shut-in cycle have been used for defining minimum up and down time requirements in the hydrothermal unit commitment (UC) problem in power generation [41], as well as restricted length
set-up sequences in single-item lot sizing [42]. Several authors have studied the tightness of
different formulations of these constraints in the context of the UC problem [43; 44]. Rajan
and Takriti [44] derives the convex hull polytope of an extended variable formulation of the
minimum up and downtime constraints, in which start-up and shut-down costs are present. As
the problem (12) contains no costs on the shut-ins and start-ups, however, we can omit additional
binary variables for modeling start-up and shut-ins transitions, and limit the formulation of the
minimum shut-in and production time constraints using only the on/off variables y1l jk and y2l jk
with the constraints (18u)–(18w). Note that these constraints are projections of the so-called turn
on/off inequalities derived in [44] onto the space of the y1l jk and y2l jk variables [42].
5. Lagrangian relaxation scheme
Lagrangian relaxation is an efficient solution technique for problems with a block-separable
structure in the constraint set and few binding or coupling constraints. This structure is often
found in optimization problems with some sort of network flow and spatial distribution [12; 13].
The primal problem (18) clearly renders this type of problem structure, as the only constraint
that links the L pads together is the constraint (18b) requiring that the sum of the individual
pad reference rates must equal the total requested rate qREF . Consequently, by dualizing this
constraint, we will obtain a block-separable, decomposable problem with one subproblem for
each pad l ∈ L. Let λ ∈ R be the Lagrangian multiplier associated with the reference rate
equality constraint (18b). The Lagrangian relaxation is then given by


X

X
REF
ref
(19)
fl + λ  ql − q 
ZLR (λ) = min
l∈L

l∈L

s.t.
eq. (18c)–(18w),
hence rendering a spatial decomposition over the set L, such that solving the Lagrangian (19)
means solving l independent subproblems defined by
l
ZLR
= min fl + λqref
l

(20)

s.t.
eq. (18c)–(18w) for given l ∈ L.
For any λ ∈ R, the Lagrangian (19) is a relaxation of the primal problem (18), and consequently
defines a lower bound on Z [45; 46]. The solution of the Lagrangian (19) yields a lower bound
on Z as least as tight as the LP relaxation [45]. The dual variable λ is a marginal cost on the
demand constraint (18b) of the pads’ reference rate qref
l relative to the given total reference rate
(or demand) qREF , by pricing the cost of satisfying an additional unit in total gas demand [13].
Obtaining the best possible value ZLR (λ) of the Lagrangian relaxation (19), that is, the one
providing the tightest lower bound on Z, requires finding the optimal multiplier λ. This problem
defines the Lagrangian Dual [45],
ZD = max ZLR (λ).
(21)
λ
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The Lagrangian ZLR (λ) can be shown to be concave and piecewise linear, and hence nonsmooth
[36]. Solving (21) hence requires using techniques for nonsmooth optimization. The solution
of (21) will in most cases be primal infeasible in the sense that the dualized reference rate constraint (18b) will be violated. Consequently, some technique using the information from solving
the Lagrangian relaxation and/or the Lagrangian dual must be developed for generating primal
feasible solutions.
5.1. Solving the Lagrangian Dual
The two most common classes of algorithms for solving the Lagrangian duals are subgradients methods and methods based on the cutting-plane approach [47]. A variety of implementations and modification of algorithms within these two classes exists. The subgradient-type
methods do not require solution of any optimization problem and are hence easy to implement.
They are based on using the dualized constraint, i.e. (18b) in the Lagrangian relaxation (19),
as the subgradient for ZLR in the space of the dual variables. Subgradient methods may require
extensive tuning of the stepsize parameters to obtain good practical convergence, and lack a
true termination criteria. By substituting (19) for ZLR in the Lagrangian Dual (21), we obtain a
maximin problem, which can be equivalently written a the semi-infinite linear program [48]
ZD = max η

(22a)

λ,η

s.t.
η≤

X
l∈L



X

ref
REF
fl + λ  ql − q  ,

( fl , qref
l )∈Q

(22b)

l∈L

where Q is a polytope, by assumption, defining the feasible set of the Lagrangian relaxation, and
η ∈ R. The cutting plane method is based on replacing (22b) with a subset of cuts accumulated
by solving the Lagrangian relaxation. This approach renders the linear program
ZD = max η

(23a)

λ,η

s.t.
η≤

X
l∈L

fln



X

ref,n
REF

+ λ  ql − q 

n = 1, 2, ...

(23b)

l∈L

for the Lagrangian Dual, where n is the number of iterations in the primal-dual loop solving (19)
and (23). At each step of the loop, solving (23) provides an upper and lower bound on ZD [46],
n
ηn ≥ ZD ≥ ZLR

(24)

The method terminates when these bounds coincide. The cutting-plane method has finite convergence [48], but suffers in its basic form from an inherent instability. In early iterations, the
cutting-plane model (23b) of Q is insufficient to provide a bounded problem. Moreover, the
sequence λn of dual solutions lack local properties [46]. These characteristics often leads to oscillatoric performance and slow convergence of the cutting-plane method in practice. The problem of early oscillations and unbounded solutions of (23) can be addressed by adding bounds
on the dual variables [48], and adding known solutions ( fˆl , q̂ref
l ) of (18) and (20) to improve the
cutting-plane model (23b) of Q [46]. Many rigorous stabilization methods have been suggested
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to increase the local properties and mitigate the oscicillations of the dual solutions from the
cutting-plane method, see [48]-Ch. XV and [46] for a thorough review. The above approaches
for stabilizing the cutting plane method for the Lagrangian Dual may be combined and tailored
to derive efficient algorithms for updating the Lagrangian multipliers, or possibly combined with
a subgradient method [49].
To stabilize the cutting-plane formulation for solving the Lagrangian Dual (23), we adopt
a trust-region scheme from [48] and [50]. The trust-region approach provides a simple device
for coping with instabilities in the cutting-plane method when applied to Lagrangian Duals with
relatively few dual variables, and is closely related to the boxstep method [51]. The algorithm
ensures that the next λn+1 is never further away than a distance ∆ from the current stability center
λ̄. The algorithm is as follows:
Algorithm 1: Trust-region cutting-plane method
Initialization: Select initial trust-region ∆1 , stability center λ̄, a termination tolerance ρCP , and a
descent coefficient σ ∈ (0, 1). Set λ1 = λ̄, Ñ := 1, and solve (19) to obtain ZLR (λ1 ).
Step 1: Solve the LP
max η

(25a)

λ,η

s.t.
η≤

X
l∈L

fln



X

ref,n
REF

+ λ  ql − q  ,

∀n ≤ Ñ

(25b)

l∈L

|λ − λ̄| ≤ ∆n

(25c)

λ ≥ −1

(25d)

to obtain λn+1 . Compute
ρ̃ := η − ZLR (λ̄)

(26)

Step 2: If ρ̃ < ρ , terminate with λ = λ̄ and ZD = ZLR (λ̄)
CP

Step 3: Compute ZLR (λn+1 ).
Step 4: If
ZLR (λn+1 ) ≥ ZLR (λ̄) + σρ̃,

(27)

update the center: λ̄n+1 = λn+1 . Otherwise, leave center unchanged.
Step 5: Update trust-region; compute the ratio
ρ :=

ZLR (λn+1 ) − ZLR (λ̄)
ρ̃

If ρ = 1, set ∆n+1 = 1.5∆n . If ρ < 0, set ∆n+1 = 0.8∆n
Set n = n + 1, Ñ = n + 1, and repeat from Step 1.
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(28)

By evaluating in step 4 the ratio of the predicted decrease in the gap ρ̃ with the actual decrease,
an ascent-step (serious step) is only declared if a sufficient decrease is obtained relative to the
parameter σ. Otherwise, the current iteration is a null-step, while the cutting-plane model (25)
is updated. Comparing with the subgradient method, the above scheme guarantees an increase
for each serious step. The numerical value of the Armijo-like parameter σ is set to 0.01. The
trust-region radius is only updated when λ is on the boundary of the region (cf. [50]). This
way of updating the radius, together with the trust-region adjustment factors 0.8, 1.5, may be
tuned to improve the performance of the algorithm. Note that we have used the 1-norm for the
trust-region (25c); for higher dimensional problems, the Euclidean norm may be more suitable,
however leading to a nonlinear problem.
The lower bound (25d) is added to ensure values of λ that gives bounded Lagrangian subproblems (20). The proof of the numerical value of this bound is given in Appendix A. By a
similar proof, it can be shown by using Fourier-Motzkin elimination that for a single reference
rate qREF , any non-negative value of λ will cause qref
l = 0, and consequently the optimal solution
pad
fl = ql = 0 for each of the subproblems (20). Hence, we can add this a priori solution to (25) to
improve the initial cutting-plane model of (22). Note that in practice, though, it may be sufficient
to select an initially small trust-region ∆ together with a good estimate for λ1 = λ̄ to prevent
optimal values of λ less than -1.
5.2. Generating primal feasible solutions
Obtaining primal feasible solutions in a Lagrangian relaxation scheme normally requires
the use of some, possibly problem specific, heuristic. Either or both of the solutions from the
Lagrangian relaxation and the Lagrangian Dual may be exploited to generate primal feasible solutions, often using some type of greedy algorithm. The solutions from the Lagrangian relaxation
often becomes almost primal feasible (with respect to the dualized constraints) with increasing
number of iterations. As ZLR is a best-bound on Z, the solution of the Lagrangian relaxation may
in some way aid the search for primal feasible solutions.
Solving the |L| Lagrangian subproblems generates a schedule (or sequence) of shut-ins for
each well on the given pad l together with a reference-rate qref
l . The shut-in schedule is completely
described by the value of the binary variables ydljk . Consequently, the solution of the subproblems
avoid liquid loading in the wells. On the other hand, the shut-in schedule will be affected by the
value of the qref
l , which in turn is a function of the marginal cost λ and the total capacity of wells
on the pad. That is, how much gas the wells can produce and the level of the peak-rates after
shut-ins. To obtain a primal feasible solution and hence an upper bound Z UB , we fix the binary
variables ydljk to the value obtained from solving the Lagrangian relaxation subproblems (20), and
solve the primal problem (18). This variable fixing then corresponds to fixing the well schedule.
The primal problem (18) reduces to an LP, where qref
l now are the only degrees of freedom.
The LP solution of this variable fixing returns a set of primal feasible reference rates q̄ref
l which
minimizes (in terms of the sum of the maximum norm) the deviation between the currently fixed
production and the reference rates .
If the deviation between the primal feasible reference rates q̄ref
l from the binary variable
fixing, and the corresponding solution qref
from
the
Lagrangian
relaxation
is larger than a certain
l
threshold,
ref
qref
> δref ,
l − q̄l
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(29)

we perform a local search for each of these pads l ∈ L̄ ⊆ L to search for an improved shut-in
schedule. Let Z̄l = f¯l be the solution from (18a) for pad l obtained by the binary variable fixing.
ref
The local search is then performed by fixing the reference rate, qref
l ≡ q̄l , and solving the MILP
problem
Z l = min fl

(30a)

s.t.
fl ≤ Z̄ l
fl ≥
fl ≥

(30b)

pad
q̄ref
l − qlk ,
pad
−q̄ref
l + qlk ,

X
(l, j,k)∈

n

(L̄×J×K):ȳ1l jk =1

X

(1 − y1l jk ) +
o

(l, j,k)∈

n

(L̄×J×K):ȳ2l jk =1

(1 − y2l jk ) ≤ r,

k∈K

(30c)

k∈K

(30d)
(30e)

o

eq. (18e)–(18w) for given l ∈ L̄.
The constraint (30e) is a local branching type constraint [52], where ȳ1l jk , ȳ2l jk is the shut-in schedule obtained from the solving the Lagrangian relaxation, and the parameter r is a neighborhood
radius (or Hamming distance). This constraint allows at most r switchings of wells from on to
off and from off to on, given by the first and the second term, respectively. The radius r must
be selected sufficiently large for improved solutions to exist, while at the same time being small
enough such that the local search can be performed numerically efficient. We implement a strategy where we initialize r = d(1/3) |K| |J|e, and increase r by 50% a maximum of five times if
(30) is infeasible, and we allocate a maximum CPU time between 15-90 seconds for each local
search, depending on the problem size.
If the loop in Lagrangian scheme terminates with a nonzero duality gap, we perform an
extended but similar local search like (30) for the best found feasible solution. In particular, we
remove the local branching constraint (30e) and perform a time-limited search, with qref
l now
fixed to the best found primal feasible solution. In contrast, the local search (30) inside the
loop is based on the deviation between the currently obtained feasible solution and solution from
the current iteration of the Lagrangian relaxation. Note that we preserve primal feasibility when
performing the local search. If the solution improves the upper bound, we update the best feasible
solution and terminates the scheme.
The complete Lagrangian relaxation scheme is outlined in Figure 7.
6. Computational Results
The performance of the Lagrangian relaxation scheme is assessed by solving a series of
test sets of the shale-gas multi-pad system with the structure shown in Figure 1. The sets
are generated with different number of pads |L|, while we for simplicity have used six wells
per pad l. The proxy models in the numerical examples are realized and tuned against the
multi-fracture
reference model as idescribed in section 3, using three different permeabilities
h
km ∈ 1 × 10−4 , 3 × 10−4 , 5 × 10−4 . When using equal fracture geometry and initial pressure,
the value of the formation permeability is decisive for the time when the gas rate first crosses the
critical rate qgc , hence giving somewhat different performance of the wells. We assume equal
permeability for each well on given pad, but we will assume that each well have been operated
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Set max iter N , and tolerances ρCP , σ,
Initialization
δ ref , and d . Set Z UB = ∞, n = 1
Choose λ̄, ∆1 , and set λ̄ = λ1

While n ≤ N
Solve |L| subproblems to
compute ZLR (λ)

1. The Lagrangian relaxation

d
Fix binary varibles yljk

n=n+1
2.Primal
heuristic

Perform local search
Update Z UB

Z UB − ZLR (λ̄) < d ?
no

yes

Terminate

Update λ̄ and ∆.
Add cut and solve Lagrangian Dual
to obtain λn+1
no

yes
η − ZLR (λ̄) < ρCP ?

Perform local search
to improve Z UB

3. Lagrangian Dual

Terminate

Termination heuristic

Figure 7: Schematic description of Lagrangian relaxation scheme.
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different lengths of time, hence giving different initial pseudopressures minit
l j . We use a one-day
fixed timestep, and set τ1 = τ2 = 2 days.
The entire Lagrangian scheme illustrated in Figure 7 is implemented in GAMS [30], using
IBM CPLEX v12.3 to solve the LPs and the MILPs. The problems are solved using a Dell laptop
with Intel I7 quad-core CPU and 8GB of RAM, using deterministic parallel mode with up to 8
threads. The tolerances are set to ρCP = 10−6 , σ = 0.01, δref = 0.01 and  d = 0.01, while the
maximum number of iteration are set to N = 15. The trust-region is initially set to ∆1 = 0.3
and λ̄ = −0.5. For the MILP Lagrangian relaxation subproblems (20), we use a relative gap less
than 1% or an absolute gap less than 10−4 as stopping criteria, and allocate a maximum CPU
time of four hours for each of the subproblems. The absolute-gap criteria is added as a the LP
relaxation for the subproblems tends to be zero or a very small value, since we are minimizing
the deviation between a reference and the rate. The size of the problems are shown in Table 3.
Note that the size of the MILPs are significantly reduced by the presolve routines in CPLEX. All
reported times are real (clock) time, and the reported gaps are defined as [42]
DG := 100[%] ×

|Z UB − ZLB |
.
|Z UB |

(31)

The results of the Lagrangian scheme is compared in Table 4 with the fullspace solution of the
primal MILP model (18). We allocate a solution time for the fullspace solution approximately
equal to the time spent by the Lagrangian scheme.
Table 3: Problem parameters before reduction in presolve routines

|L|
3
3
3
6
6
6
9
9
9

K
7
14
21
7
14
21
7
14
21

Binary var.
720
1350
1980
1140
2700
3960
2160
4050
5940

Problem size
Cont. var Constraints
895
2666
1672
5103
2449
7580
1789
5330
3343
10244
4897
15158
2686
7994
5014
15365
7345
22736

Table 4 shows characteristics of the results of applying the Lagrangian relaxation scheme to
sets with different number of pads and planning horizons. All of the sets in Table 4, except for
the sets with |L| = 6 and K = 14 and 21, respectively, are terminated by the criteria ρ̃ ≤ ρCP in
step 2 of the trust-region method for solving the Lagrangian Dual (21). None of the sets reach
the maximum number of iterations. Several of the sets terminate with duality gaps greater than
10%. Hence, if only evaluated by size of the duality gap, the performance of the Lagrangian
relaxation scheme applied to these sets may be considered as only average. The final duality
gaps are not necessarily worse for longer compared to short planning horizons K. For planning
horizons longer than three weeks, the time required to solve each of the MILP subproblems
to global optimality becomes computationally prohibitive. The difficulty in solving the MILP
(18) becomes evident when comparing the solution characteristics of the Lagrangian scheme
with solving the fullspace problem (18) with a global method, that is, a direct approach. The
22

Table 4: Computational results of Lagrangian relaxation scheme and a direct fullspace approach.

|L|
3
3
3
6
6
6
9
9
9

K
7
14
21
7
14
21
7
14
21

qREF [105 m3 /d]
1.6
1.6
1.6
4.3
4.3
4.3
5.3
5.3
5.3

Lagrangian scheme
Time [min] #iter
1
7
20
6
151
5
2
7
33
3
580
5
3
7
43
9
643
9

DG [%]
22.9
11.9
11.7
2.4
0.0
0.0
5.4
14.6
13.4

Z UB
0.41
0.49
0.52
2.09
3.59
4.13
0.91
1.55
1.73

ZLR ‡ DG [%]
0.32
100
0.43
100
0.46
100
2.04
90.4
3.59
64.6
4.13
63.3
0.86
100
1.32
100
1.50
100

Fullspace
Time [min] Z UB
2 0.50
20 1.60
84∗ 4.37
2 2.57
33 4.30
580 6.67
3 4.83
43 9.42
107∗ 18.1

‡ Results Z are deviations in the total rate, reported as 104 m3 /d.
∗ Fullspace problems eventually ran out of memory due to size of nodefile in the order ∼10GB
Lagrangian relaxation scheme consistently finds significantly improved lower and upper bounds
compared to the global method. Solving (18) by a global (branch-and-cut) method also highlights
the difficulty in improving the lower bound; six out of nine sets in Table 4 are terminated with
a 100% duality gap when solved with the direct approach, meaning that the best lower bound
remains close to zero (cf. (31)) throughout the enumeration.
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Figure 8: The duality gap and the best primal feasible solution (i.e. sum of deviations from qref
) as a function of the
l
given total reference rate qREF for the first row in Table 4.

The duality gap by termination of the Lagrangian relaxation scheme depends on the given
reference rate qREF . This is shown in Figure 8 for the set consisting of three pads and a one
week planning horizon. For low values of qREF , the gas-rate capacity of the multi-pad system
is sufficient to meet the reference rate, seen by the low value of Z UB , and hence a low total
deviation between the produced pad rates and the corresponding reference rates. The duality
gap, however, is large for low values of qREF , and decreases for higher values of qREF . In a
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Best ZLB
0
0
0
0.25
1.52
2.45
0
0
0

certain range of values for qREF , it is seen that the size the duality gap compared the value of Z UB
is balanced. For high values of qREF , the duality gap converges to zero while the optimal solution
value increases rapidly, leading to unacceptable deviations between the produced rates and the
reference rates.
The trust-region cutting-plane algorithm works well for solving the Lagrangian Dual of the
problem. All sets terminate with an optimal dual variable λ̄ after 4-9 iterations. The method
is also observed to be fairly robust with respect to initial choices of λ̄ and ∆i . Still, choosing a
higher value of the initial trust region and a lower initial value of λ̄ (closer to -1) leads to slightly
more iterations and to increased oscillations in the sequence of solutions λn . In this case the
trust-region becomes ineffective. The use of the local search procedure (30) mainly improved
the upper bound Z UB whenever the binary-fixing heuristic found an improved primal feasible
solution. In these cases, however, the local search often reduces the upper bound with 50-200%,
relatively.
The practical performance of the solving (18) is illustrated in Figure 9 showing the total rate
for the set in Table 4 with 9 wells and a three week planning horizon. The reference rate and
the total produced rate is shown for three of the nine pads in Figure 10. The total gas rate for
the pads is shown to tightly follow the given total reference rate qREF over the planning horizon,
while each of the pads rates follow the optimal pad reference rates with only small fluctuations
as seen in Figure 10. Consequently, any high and low peak rates are avoided, both in the total
rate, and for the rates from the individual pads. In this context, the actual optimized result by
the Lagrangian relaxation scheme clearly renders a good feasible solution despite the duality
gap being more than 13%. Comparing the subfigures in Figure 10 also highlights a qualitative
pad
difference in the performance of the gas rates qlk from the pads; the wells with the highest
permeability preserve a higher rate after shut-ins. Hence, fewer shut-ins are needed, and the total
rate from the pad is more stable as seen in Figure 10c.
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Figure 9: Total rate from |L| = 9 pads with a three week planning horizon solved with the Lagrangian relaxation scheme.

7. Discussion
The main contribution in this paper is the development of a decomposable Lagrangian relaxation scheme from a fullspace GDP formulation for field-wide shut-in scheduling in shale-gas
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Figure 10: Pad reference rates and produced rates.

systems. The scheme was observed to consistently solve the Lagrangian dual and find feasible
solutions through a heuristic using the solutions from the Lagrangian relaxation. The Lagrangian
scheme clearly outperformed a direct approach, both in terms of the duality gap and the lower
and upper bounds. The schemes’ ability to generate small duality gaps, however, is observed
to depend somewhat on the problem configuration. Nevertheless, the solutions obtained are still
considered as good feasible solutions. If, however, very small duality gaps are desirable (or
required), then using either Augmented Lagrangian [48] with a decomposition strategy similar
to [53] can be considered, or integrating the Lagrangian relaxation (19) in a branch-and-bound
enumeration scheme (i.e., a branch-and-price framework).
The computational challenges experienced with improving the lower bound is related to two
aspects of the problem formulation. The first is the strength of the lower bound provided by
the Lagrangian relaxation, which may depend strongly on the chosen relaxation. If the variables
in the linking constraints also appear in several of the other constraints in the subproblems,
then applying Lagrangian decomposition [54] is generally preferable, in the sense that the lower
bound in Lagrangian decomposition is as least as tight as any other Lagrangian relaxation. The
complexity, on the other hand, in solving the scheduling problem for the shale-gas multi-pad
system is inherent, as the problem involves both dynamics, combinatorial decisions and largescale systems. The scheduling is based on switching wells on-off to track a variable reference
rate. As we assume that each well has a separate independent closed-loop control of the wellhead
pressure, then meeting the reference rate exactly will almost certainly be impossible.
A possible extension of the proposed Lagrangian relaxation scheme is to consider decomposition per wells, that is, decomposition over the index J. A viable approach may then be a
bi-level decomposition scheme, in which the current Lagrangian relaxation is retained while the
subproblems (20) are further decomposed into one problem per well. However, the reformulation (18c)–(18d) of the maximum norm can in this case no longer be applied. Hence, either a
different objective function or a special purpose algorithm for `1 or `∞ -type problems must be
applied. A temporal decomposition of the primal MILP (18) over the index K may also be considered, however, leading to an enormous increase in the number of dual variables. Note that a
simple acceleration scheme for the given Lagrangian relaxation scheme is parallelization of the
subproblems using grid-computing.
The Lagrangian relaxation (19) of the primal problem (18) leads to a decomposition with
subproblems that are similar in size and structure as the formulation of the single-pad tracking
problem in [10]. The subproblems (20), however, include variable qref
l , leading to a problem
which are considerably harder to solve. The scheme can easily be extended to handle a varying
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reference rate qREF
k . This is illustrated in Figure (11) for a system of three pads and a three
week planning horizon. Still, the Lagrangian relaxation scheme becomes computationally more
difficult with varying reference rate, and gives a linear increase in the number of dual variables.
Consequently, if the number of dual variables becomes close to the planning horizon, the cuttingplane method should be stabilized by a quadratic term in the objective instead of the trust-region
scheme in (25), see [48].
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Figure 11: Example on time-varying given reference rate qREF
k

The paper also includes a systematic, frequency selective tuning procedure for the shale
well proxy model, together with a simple scheme for updating the parameters in the model. By
properly designing the filter for the prediction errors, it is possible to select which of the dynamics
in shale-gas wells the proxy model should emphasize. The simplicity of the proxy model still
limits to some extent the range of dynamics the model can cover. The tuning procedure further
consists of solving a nonconvex NLP, possibly leading to suboptimal parameters in the proxy
model. This can be compensated for by frequently updating the model parameters solving the
MHE type estimation problem (10).
Scheduling shut-ins of shale-gas systems relative to a reference rate rather than maximizing
the production may be beneficial both from an operational as well as an economic and energy
perspective. Operationally it leads to more stable rates as seen in Figures 9 and 10, with the
potential of significantly reducing high and low peaks compared to a standard approach with
fixed shut-in times, see [10]. The economic reason is related to the current low sales prices of
natural gas a result of increased availability, mainly due to overproduction of shale gas. Gas
prices may vary substantially with seasonal demands, and produced natural gas may be stored
and sold at times with higher prices. As mentioned earlier, the loss in cumulative production by
performing short shut-ins may be kept very low for shale-gas wells due to the fracture networks
acting as a recharge and storage system. Consequently, by optimizing well shut-ins with respect
to varying demands as illustrated in Figure 11, the wells may be scheduled to account for seasonal
variations in demands and gas prices. The high availability of shale-gas, together with the shut-in
characteristics and properties described and optimized in this paper, makes it possible to utilize
shale-gas systems as a buffer of natural gas in an energy and power planning context.
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8. Conclusions
In this work, a novel Lagrangian relaxation based scheme for shut-in scheduling in shalegas multi-pad systems has been presented. The shut-in scheduling is integrated in field-wide
production planning based on demands in gas-rate, and it is shown how production objectives
and constraints at different levels in the large-scale system can be included in the formulation.
The decomposable scheme is scalable in the number of pads and shown through computational
testing to outperform a direct approach for all sizable problems, though the efficiency of the
scheme is observed to decrease for long planning horizons.
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Appendix A. Proof of bound on dual variable
For proving the bound on λ ≥ −1, we can consider the following simplified Lagrangian
relaxation subproblem (20):
min f + λqref

(A.1a)

s.t.
f ≥ qref − qpad ,
ref

f ≥ −q
Pad

q

(A.1b)

+q

pad

,

(A.1c)

≤ Ū,

f, q , q
ref

(A.1d)

Pad

≥ 0,

(A.1e)

where we for simplicity have omitted the indices k and l. The variables f, qref are block separable from the remaining variables defining the feasible set of (20), while the total rate qPad
is defined by a polytope Q̄2 spanned by (18e)–(18w) for given l ∈ L, i.e. a bounded polyhedron [36]. Consequently we can deduce an upper bound Ū on qPad . Consider the general LP,
ZLP = min{cT x : Ax ≥ b, x ≥ 0}, and the corresponding symmetric dual LP, ZLPDual = max{bT u :
AT u ≤ c, u ≥ 0}. By weak duality, the primal LP is feasible if and only if its corresponding dual
LP is feasible. Similarly, the primal LP is unbounded if the dual LP is infeasible [36]. Hence,
by considering the feasible set AT u ≤ c, u ≥ 0 for the dual LP of (A.1) parametrized by λ, we
obtain the linear inequalities,
u1 + u2 ≤ 1,

(A.2a)

−u1 + u2 ≤ λ,

(A.2b)

u1 − u2 − u3 ≤ 0,

(A.2c)

−u1 ≤ 0,

(A.2d)

−u2 ≤ 0,
−u3 ≤ 0.

(A.2e)
(A.2f)

Feasibility requirements of the above inequalities can be derived by Fourier-Motzkin elimination,
see e.g. [55]. By successively eliminating u1 and u2 by pairing the inequalities (A.2), we obtain

29

the inequalities
1
(1 + λ),
2
1
0 ≤ (1 + λ),
2
u3 ≤ 1,

−u3 ≤

(A.3a)
(A.3b)
(A.3c)

−u1 ≤ 0,

(A.3d)

0 ≤ 1,

(A.3e)

−u3 ≤ 0.

(A.3f)

The bound λ ≥ −1 then immediately follows from (A.3b).
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