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5. Appendi x: O her (b, d)- sequences

Suppose Y is a (b,d)- sequence for A where (b, d)
Is an "-pair such that supp (b) is infinite, but Y 1is
not subconplete. Is it still possible to infer the exis-
tence of a closed (b,d)-sequence "near" Y? An obvious
candidate is cl Y, where (clY) (n) =cl(Y(n)), ne co;
but even if we could showthat «cl Y 1is covariant (see
Remark after Lemma 5.1), it mght not be true that cl Yc

*0od * Y therefore proceed indirectly, first constructing a

subconpl ete (b, d)-sequence with suitable properties.
The desirability of this investigation was suggested by
results of G Pecelli concerning dichotomes for functional-

di fferenti al equations.
Let us recall [1; Lenmmm 6.3] for given deb/.: For

each m€ co the set X-, , of g-sol utions of (I, ,) is
~a[m] _ _ [m]
a feubspace of %[mf X) and the linear mapping Il (m) : x -» x(m) ;

Ed[m] - XOd(m) is jDounded and bijective.

~

Let Y be a covariant sequence, Y c X . For each
ad
mco weset Y. (M =11 (m (cl I (M~L(Y(M)) cn(m (X,1) =
dq a ~ Ad~[m
Xoa (M 3 where cl” indicates closure in d. .. (X or,
equivalently, in the subspace X., , . Thus Y, is subcom
Aci L a

plete in X and, since Il (m is bounded and its range




[2]

i ncludes Y(ra)s

(5.1) S Y(mM ¢ Ya(m) acl Y(m me w-

—~

We observe that the definition of Yy may be rephrased
as follows: wueYq(m if and only if, x being the solution

of (Irm]') with x(m = uy there exists for every e >0

in Y

a solution y of ('ru) I mi such that x - y is
L 1

LN

a d-solution anc® | x-y|, < 6.

5.1. Lemmn, Let Y be a (b, d) - sequence for an /-pair

(br) such that supp (b) is an infinite set (in particular,

for a. "-pair or a £”- pair (£d)) . Then Y. _is "a subcom
plete (b, d)-sequence.

Proof . It is sufficient to prove that Y- is covariant:

@
for then Y cY, cX'__ inplies that Y-. is a (b"d) - sequence

[1; Lenma 8.4" (b)], and it is subconplete by its definition.

Let integers ",*" *>* given with n >=n0>=0 : W are to
prove that (U(n,ng )~'(Ya(n) ) =Yq(ng)

~




[3]

Let ueYa(no) and e >0 be given, and let x be

the sol ution of (ij‘éj) with *("g) ="", there exists

a solution y of (I, ,) in Y, _-, such that | x-y]|-.< €.
Lng Lng K]

But then Kr,J] _>Y\n_] ) a'® solutions of (Ir l,I.”), YaniJ 's

in Y[nj' and Ixrln] - Y[nj lg £ 1* - ylg< € . Therefore

U(n,nggu = x(n) =Xrn; (N e Yg(n), and hence (U(n,ng )" Yy (n)) 3
Yu(no)' It remains to prove the reverse inclusion.
W may choose n-, e supp (b) o n,>n. Since, by the

precedi ng part of the proof applied to n’\n,J_, we have

(U(n,ng)"-*Ya(n)) ¢ (Un,ng )" (U . n))" (Y (r")) =

(U(njsne)) “ (Ydrmin > Ttiwillbe gufficient to prove that

(U(Nn1, no)) ~*(Ya(n1)) cYaq(no)

Let p > 1 be given. Consider any u e (Ufn”n a)""l(Yd(nl))

and any e >0, and let x be the solution of (I, ,) wth
Inpd
0
X(ng = u. Thus x(ni) = U™, ng) x(ng e Yq(n™ . There
exi sts, therefore, a solution y of (I ,) in Y . --
L L

i.e., with y(n]? e Y(nl) --and such that |x e .

r - <
L3y Y d
d

nl L2
We define f = (x(ni) - Y("))x{i] © “o¥1]
k AX) as

we may, since n € supp(b), and find




[4]

' n
(5.2) £l < llx(n) - vl 1% 10y <

n n :
) R P b A PRl F A P

‘nl -1 n
< elx, ld Ix lb

Since Y is a (b d)-sequence, there exists a solution z,

of (Il) with this f such that z lies eventually in Y--

i.e., zfn™ e Yfn~? and

(5.3) |21 PKyIf Iy

Now ZrL”Cl)] Is a solution of (IILDO’J) wth this f, and

so is, obvious|y”? (xrnl - y)rnl ; aso, x 1is a solu-
L 11 L OI
tion of (Irnoy) - Therefore v =z - (x™ - y) ™ + X
Is a solution of (Llnc‘,]f further, v(n.)l = z(n..l + y(n12 e
Y(n.) , sothat v liesin Yy ,., and (5.2), (5.3) inply
e
X = vla * Xy - Yle vl zle <

ot
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[5]

Since e >0 was arbitrary, it follows that u:x(na e

Ya(ng) . Hence (U(ni, no))"*(Yri(ns)) cYg(ng) , as was to

o~

be proved.

Remark. A slightly sinmplified version of the proof

wi |l show that the sequence <clY is also covariant.

5.2. _Theorem _Let Y be a (b,d)-sequence for an
I

-pair (Eg) such that supp (b) jls an infinite set

/

(in particular, for a. /-pair or a t -pair (kxd)) e+ Then;

(a) ; _if Y‘.j; (m jjis_closed (in particular, _if Y(m

closed) for some me oo, then clY = Y4 Lt al cl osed

o d

(b, d) - sequence?

(b) ; if WUn.,,n) is conmpact for some n_,n. e Coy

n, A nO" 0o then clY =Y s a_closed (b, d)-sequence

and its terns have constant finite co-dimension in X

Proof. Lemma 5.1, fornmula (5.1), and Theorem4.1 .

is




