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A Disconjugacy Criterion for Self-Adjoint
Linear Differential Equations
by

Zeev Nehari

A linear differential eguation

(n) 'y(n—l)

e & o + =
y + P 1 + P,y = O

with real continuous coefficients Py is said to be disconjugate
on the real interval [a,co) if none of its nontrivial solutions
have more than n-1 zeros in [a,o0) (where the zeros are counted
with their multiplicities). The problem as to how the disconju-
gacy or non-disconjugacy of an equation is reflected in its co-
efficients in the case of general n has been treated by many
authors (cf. [1], (4], (5], (6], (81, [91,[10], [11],[12], [14], [15], [16]);
in the case n = 2 (and, to a lesser extent, the cases n = 3,4)
there exists a very considerable body of literature, references
to which can be found in the recent book of C. A. Swanson [17].
In the present paper we shall address ourselves to the par-

ticular differential equation

y(2n)

(1) (-1)p(x)y = 0, n> 1,




where p(x) is nonnegative and piecewise continuous in the in-
terval under consideration. The equation is self-adjoint, and
this is essential for the success of the method we shall employ.
However, the particularly simple form of the equation (1) is
dictated by the desire to keep the analysis as simple as possible.
With suitable modifications, the method may also be applied to
equations of the form L*Ly - (—l)np(x)y = 0, where L is a dis-
conjugate operator of order n (i.e., the n-th order equation

Lu = 0 is disconjugate) and L* is the adjoint operator.

We now state our principal results.

Theorem I. Let p(x) be nonnegative and piecewise continuous

on the interval f[a,m), and let Y, 6n be the constants
1
(2) v, = %[l~3-...'(2n—-l)]n L on=1,2,...
v o -l (n+k)!
(3) 5n = o kfg (2k+1) kb ° n=2,3,...; 61 = log 2.

In order that equation (1) be disconjugate in [a,m), it i

—

necessary that

B 1
[ 2n B-a
4 S
(4) JP dx < v, log wa * 5n
o
and sufficient that
B 1
) 2n g-a
5
(5) ‘fp dx < v, log — .
a

for all a,B such that a < a < B < .




It is evident from the formulation of the theorem that the
constant Yn is the best possible in both cases. However, the
value (3) for the constant én in (4) is not the smallest pos-
sible, except in the case n = 1 in which, accordingly, the

sharp inequality reads

B
(6) I yp dx < 1log £f§'+ log 2.
a

Indeed, in the latter case it is possible to find the precise

maximum for the left-hand side of (6) if «,B are given.

Theorem II. If the equation

y' + p(x)y =0

(p(x) > 0) 1is disconjugate in [a,o0), then

B
(7) j\rp' dxg%log Vﬁ;a““‘]@'“:%logﬁﬁ+1og (1+ [B=%
a-a B-a
o yB-a - \ B-a

for a < a < B < b. The sign of equality in (7) is possible only

if p 0 for x ¢ (a,a) and x e (B,0), and

-1
(8) p = [1- (8-% °(8-a) Y(g-a)™ 1

for x e (a,B).
To prove Theorem I, we start out from the obvious fact that,

under the assumptions made, the eigenvalue problem




Y(Zn)-v (—1)n7\p(x)y =0

(9)

y(a) = y'(a) = ... =y ™ @y = y(8) =y (8) = ...

R R

cannot have a solution for A = 1. By classical results, A\ is
positive, it increases for decreasing B8, and AN * c© as B - a.
We may therefore conclude that A > 1 for all 8 in (a,o0).
This, in turn, has the consequence that u > 1, where u (4 < A)

is the lowest eigenvalue of the problem

v )M up(0y = o

(10)
(a) = 0 =y™ (p) =

_ Y(2n—l)

v(a) = y'(a) = ...

(B) = ... (B)

(¢c£.[11],[3],[16], for the cases n = 1, n = 2, and general n,
respectively). Next, we use the classical fact (cf., e.g., [2])

that p 1is characterized by the minimum property

8
2
J[Y(n)] dx
(11) 4 = min : s
b4 2
fpy dx
a

where y ranges over the class of all the functions in Dn[a,B]

which satisfy the conditions




(12) v@ =y (a = ... = ¢"® ) =o.

The boundary conditions in (10) which refer to the point B do
not have to be taken into account in minimizing the Rayleigh
quotient (11).

Since the disconjugacy of equation(l)infa,o0) implies that

4> 1 for all B ¢ (a,o0), we may conclude from (1l1l) that

: 8
2
(13) [pvax < [y™1ax, 8 e (a,00),
a a

where vy 1s any function of Dn[a,B] which satisfies the condit-
ions (12) for x = a. By choosing special functions vy which
possess these properties it is possible to obtain a great variety
of necessary disconjugacy criteria for equation (1) [[11],[3],
[16]1). However, inequality (4) cannot be obtained by simply sub-
stituting a suitable function y in (13). As our proof will
show, a certain amount of additional manipulation is required.

We denote by P, the function

-
(14) Py = 2n ’
(x~a)
where
-n 2 _ 2n
(15) n=4"[1-3...(2n-1)] ~ 'n

(yn being the constant (2)), and we define the function y by




(16) P y =1, x e [a,B],

where a ¢ (a,B), and all roots of positive numbers are taken to
be positive. In the intexrval [a,a), y will be taken to be a

polynomial of the form

(17) y = (x—a)n[a0 tax+ ... +a .x ] = (x-a) "(x),

whose coefficients are to be determined by the conditions that
(n-1) . . .
ViV 500,V should be continuous at the point x = a. Evi-

dently, vy ¢ Dn[a,B], and y satisfies the conditions (12).

By the Holder inequality, we have

1 1
B L B _1+=2n X 154
r 2n _ 2n 2n
Jpdx = j(ppo ) (e, ) dx
a (o4
(18)
1 1
B -1+—21; 2n 51; on
< [fppO dx] [JpO dx]
a (04
and thus, by (16),
p 1 5 L 13 P
2n 2n .2
fp dx < [ ero ax] [fpy ax]
(04 a Q .

Using (13) and the fact that p > O, we have
: B ; ,
r2 r,2
JevPax < Joviax < [y™ 1 ax,
o

a a




and the preceding inequality thus leads to

8 1 B oL 1o 8 , 3=
J 2n £ 2n r.. (n)
p o dx< [jp  — ax] B+ Iy ) ax] ,
a a (o4
where
x
2
(19) B = I[y(n)] ax.
a
By (14) and (16),
11 2
(20) y=n" %(xa) 2 x e (a,8)

and therefore
41
ey n?? 21143, (20-1) ]

2n(x—a)1/2

Hence, by (15) and (14),
1 1

2 — —_—

] = nzn(x‘a)—l = posz X € (C(':B) .

ry (™

Substituting this in the last inequality, and using the relation

between the geometric and arithmetic means, we obtain

8 1 51 13- 8 1 o
2n 2n n 2n n
o™ ax < o ax1 B+ o axi
a a Q
8 1 8 1

1 2n 1 2n
< (14255) jpo dx + EE[B + jpo ax],
o a




teee B 1 B 1
2n j 2n B
(21) Jp dx < P, dx + on "
o a

Since, by (14) and (15),

i
<

=
o)
Q

B 1
(22) IPOZn dx -2
o

where Y, is the constant (2), this will prove inequality (4)
if we can show that B = 2n5n, where & 1is the constant (3).
The polynomial Q(x) in (17) is determined by the conditions
(k)
n k
(23) [x-a)®x1 | =¢y™ (@, x=0,1,...,n-1,
X=0Q

where y is the function (20). Egquivalently, these conditions

may be stated in the form

11 1™
k 4n” 2 "2
o™a) = 0™ 2p(x=a) A1 |, k=o0,...,n1.
X=Q
Since
1 1 -2
2 X-Q
(x-a) © = (a-a) “[1 + 7]
1
2 x-a, °
= (a-a) c, G2
v 'a-
v=0 a-a
where the c, are given by
1 o
(24) (L+t) °= Lct’

v=0 V




it follows from (23) and Taylor's theorem that

4n 2 T2 -
(25) a(x) =n = “(a-a) T c () .
Ww=0

Integrating the right-hand side of (19) by parts, and ob-

serving that y(zn)E 0 in (a,a) and that vy(a) =y'(a) = ... =

y(n_l)(a) = 0, we have
n -1 n+l n-2 n-1 (2n-1
(26) B = [yt et =2 iyl
X=qQ,
Since y = (x—a)nQ(x) in (a,a), 1t follows from (25) that
11 1

vy (@) = 9* e (n10) 1 (0-0) 752

for kx = 0,1,...,n-1. Computing the derivatives of order < n

from (20), and using the wvalue of Sk given by (24), we obtain

1
-1
(n+k) (n-k-1) _ k 2n “(n+k)! 2 ,1-3,...(2n-1)
for k= 0,1,...,n-1. Substituting these expressions in (26), and

using (15), we find that B = 2n6n, where 6n is the constant (3).
Because of (21) and (22) this completes the proof of the inequality
(4).

To show that the validity of (5) for all a,B such that
a<a< B< o is a sufficient condition for the disconjugacy of

equation (1) in [a,m ), we note that the equation




lo.

2n
y(zn)—(—l)n-l——-

(x-a)

(27) op Y <

is known to be disconjugate in (a,o0) [5]1. Since, by (5),

"n

O<P(X)$ on’ a<{< x<K o,
(x-a)

it follows therefore from the generalization of the Sturm com-
parison theorem to equations of the form (1) ([8],[13]) that the
disconjugacy of equation (27) implies that of equation (1). This

completes the proof of Theorem I.

Turning now to the proof of Theorem II, we begin by discussing

the more general problem of determining the supremum of

B L
(28) Ip2n dx
o

under the assumption that equation (1) is disconjugate in [a,00).
Although we cannot solve this problem except in the case n = 1
we shall show that, in all cases, a complete answer can be ob-
tained if we use a slightly more restrictive notion of disconju-
gacy, and if it can be shown that a certain nonlinear boundary
value problem has a solution. We shall say that equation (1) is
disconjugate on [a,o00) in the sense of Reid [15] if none of its
nontrivial solutions can have two n-th order zeros. For n = 1,

the two definitions of disconjugacy coincide, and the same is




ll.

true -- for less obvious reasons -- for n = 2 (and equations
of the form (1)) [7]. For general n, disconjugacy in the sense
of Reid is evidently the more restrictive condition. However,
it arises in a natural manner if the subject is approached from
a calculus-of-variations point of view.
The relation between the problem of maximizing the expression
(28) for disconjugate eguations (1) and the possibility of solv-
ing a certain nonlinear boundary value problem is described in
the following statement.

Suppose that the nonlinear differential equation

_2n+l
u(2n) 2n-1 -0

n
(29) -(-1) Ha B(x)u

s

(where a < a < B < o and HOL (x) denotes the characteristic

, B

function of the interval [a,b]) has a solution u in [a,B]

which is positive in [a,B] and satisfies the boundary conditions

(a) = 0 = u'™ ()

= (-1 = (D)

(30) u(a) = u'(a) = ... (8)

= o271 ().

If the function P, is defined in [a,®) by

p =0, xe [a,a), x> B

3
(31) 4n
“2n-1
p = u , X ¢ [a,B],




12.

then the linear differential equation

(32) ) _ (-1 u =0

is disconijugate in the sense of Reid in J[a,o). If
2n n

(33) y( )-(—l) py = O

is another equation which is disconjugate in [a,00), then

B _1 g _1
(34) fpzn dx < fpozn dx.
a a

The usefulness of this statement depends of course on the
possibility of constructing a solution of (29) which has the
specified properties. Unfortunately, we are unable to do this
except in the case n = 1, in which this construction will pro-
vide the proof of Theorem II.

To establish the preceding statement, we first note that,
because of the definition (31) of the function j the solution
u of (29) is also a solution of the linear egquation (32) in
[a,B]. Indeed, u is the first eigenfunction of the problem (10)
(with P, instead of p), with the eigenvalue u = 1. Since
1 O for x > B, elementary considerations involving the Ray-
leigh quotient (11) show that u will retain the value 1 if the

interval [a,B8] 1is replaced by [a,v], where vy > B. Since




13.

U < A, where A 1is the lowest eigenvalue of the problem (9)
(with pO,Y instead of p, B, respectively), we have A > 1
for all vy, and it follows that (32) cannot have a solution
with two n-th order zeros in [a,o0). The equation is thus
found to be disconjugate in the sense of Reid.

To establish the extremal property (34), we use the inequal-
ity (18), where p, now denotes the function defined in (31).

This yields

1 1
1 Ls 1-—
(35) E'i n g < [i u2dx]2n [? n ] "
Jp i3 p.~ ax
Q (04 a

Since p > O and equation (1) is disconjugate in [a,m) we

have, in accordance with (13),

B B B 5
quzdx < fpuzdx < I[u(n)] ax.
(o8 a a

Computing the latter integral from (32) (and observing the bound-

ary conditions (30)), we obtain

8 B B B _1
2 j 2 _ f 2. J 2n
jpu dx < pou dx = p_u dx = Po dx,
a a a a
the last equality following from (31). Combining this with (35),

we arrive at the inequality (34).
For n = 1, the boundary value problem (29)-(30) possesses

the elementary solution

HUNT LiBRARY
CARNEGIE-MELLON UNIVERSITY




14.

1
(x-a) [(B-a) (a-a)] %, =x

[
il

u = [1-(8-%) 2(B-a) T(g-a) 11 , x e [a,B].

By (3l1), we have therefore

-1
p, = [1-(B-0%(8-a) " (8-0) "], x e [a,8].

Using this expression to compute the integral on the right-hand
side of (34), we obtain (7). The unigueness assertion of
Theorem II is evident from the way the HOlder inequality was

used in the proof of (34).




(1]

[2]

(3]

[4]

[5]

[6]

[7]

81

91

15.

REFERENCES

v
G. V. Anan'eva and V. I. Balaganskii, Oscillation of the
solutions of certain differential equations of high order, -

Uspehi Mat. Nauk 14 (1959), 135-140.

R. Courant and D. Hilbert, Methods of Mathematical Physics,

Vol. 1, New York, Interscience 1953.

H. Howard, Oscillation criteria for fourth-order linear
differential equations, Trans. Amer. Math. Soc. 96 (1960),
296-311.

I. T. Kiguradze, Oscillatory properties of solutions of
certain ordinary differential equations, Soviet Math.
Dokl. 3 (1962), 649-652,

W. J. Kim, On the zeros of solutions of y(n) + py = O,

J. Math. Anal. Appl. 25 (1969), 189-208.

V. A. Kondrat'ev, Oscillatory properties of solutions of

(n)

the eguation vy + p(x)y = 0, Trudy Moskov. Mat. Obs&.

10 (1961), 419-436.

W. Leighton and Z. Nehari, On the oscillation of solutions
of self-adjoint linear differential equations of the fourth

order, Trans. Amer. Math. Soc. 89 (1958), 325-377.

A. Ju. Levin, Some guestions regarding the oscillation of
solutions of linear differential equations, Soviet Math.

Dokl. 4 (1963), 121-124.

A. Ju. Levin, Distribution of the zeros of solutions of a
linear differential equation, Soviet Math. Dokl. 5 (1964),
818-821.




[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

16.

J. Mikusinski, Sur l'équation x(n) + A(t)x = O, Ann.
Polon. Math. 1 (1955), 207-221.

Z. Nehari, Oscillation criteria for linear second-order
differential equations, Trans. Amer. Math. Soc. 85 (1957),
428-445,

Z. Nehari, Oscillation criteria for n-th order linear dif-

ferential equations, Duke Math. J. 32 (1965), 607-616.

Z. Nehari, Disconjugate linear differential operators,

Trans. Amer. Math. Soc. 129 (1967), 500-516.

Z. Nehari, Disconjugacy criteria for linear differential

equations, J. of Differential Equations 4 (1968), 604-611.

W. T. Reid, Oscillation criteria for self-adjoint differ-
ential systems, Trans. Amer., Math. Soc. 101 (1961), 91-
106.

W. Simons, Some disconjugacy criteria for self-adjoint
linear differential equations, J. Math. Anal. Appl., to

appear.

C. A. Swanson, Comparison and Oscillation Theory of Linear

Differential Equations, New York, Academic Press, 1968.




	Carnegie Mellon University
	Research Showcase @ CMU
	1970

	A disconjugacy criterion for self-adjoint linear differential equations
	Nehari

	tmp.1336079169.pdf.z3KR_

