











Fig. 4: Phase plot of (¢1,¢1) for an extended version (16
steps) of the simulation depicted in the middle plot of Fig. 3a.
The solid dot marks (g1, ¢1) at the beginning of the simulation.

[48], a planar five-link bipedal robot similar to RABBIT,
having a torso, two legs with revolute knees, and four ac-
tuators. (See Fig. 5.) However, unlike RABBIT, MABEL has
large springs in series with two of its actuators for improving
energy efficiency and agility, resulting in a system model that
is compliant and has a higher degree of underactuation. In
the experiments on MABEL, the model used in the estimation
of the derivative of the Lyapunov function, and hence in the
computation of the CLF-based control law, is of course an
approximation of the dynamics of the true system [32]. In
addition, the angular measurements are made with encoders
that have finite precision and the angular rates are estimated
numerically [11]. Finally, the motors have torque limits. It
is shown that the CLF-based controller nevertheless achieves
a stable walking gait with MABEL and that the min-norm
controller in particular reduces undesirable oscillations or
“chatter” of the motor torques.

A. Control laws

As noted, MABEL has compliance and additional degrees
of underactuation. However, we can still employ the same
modeling and control approach based on virtual constraints,
as described in Sect. VII. Thus our system model again takes
the form (69), with ¢ coordinate labeling as described in [48]
and depicted in Fig. 5b, and with output functions of the form
(70). For the experimental implementation, we apply the pre-
control law

u(q,q) = —(LgLsy(q,q)) " Liy(a, ) + (LgLsy(g. d)) " p,
(71)

which is a variation of the pre-control given by (25). Then
transforming to the variables 7 = [y, ¥]7 as in (27), we have
the dynamics for the transverse variables

n=Fn+Gu:= f(n,z)+gn, )
where F' and G are defined as in (29).

(72)

(a) MABEL experimental setup

(b) Coordinates

Fig. 5: Experimental setup of the bipedal testbed MABEL and
associated coordinates. (From [48].)

In what follows, we present experimental results for a
CLF controller based on the pointwise min-norm controller
described in Sect. IV, and compare with experimental results
based on an input-output linearizing controller with PD. The
input-output linearizing controller has been employed in pre-
vious experiments with MABEL (see [48]) and takes the form
(71) with p given by

pe(n, z) = pzp(n, z,€) == —K(e)n (73)
which is equivalent to the version given in (32). For the ex-

periment with the input-output linearizing controller presented
here, we set ¢ = 0.5 and
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which is the solution to the Lyapunov equation (13) where @
is the 8 x 8 identity matrix and A is given by (9) with Kp = I
and Kp = 1.81. (Here I is the 4 X 4 identity matrix.) Then
defining our CLF V_(n) as in (23), it follows that

LiVe(n,z) =n" (F'P. + P.F)n,

LgVe(n,z) = 20" P.G, (75)
and letting v = :\\“%x((% = 0.595863, we define
Yoe(n,2) = LVe(n, =) + 1Ve(n, 2)
V1e(n,2) = LgVe(n, 2)". (76)
Then our CLF controller is given by (71) with
p1e(n; 2) = me(n, 2), (77

where mc (7, z) is the pointwise min-norm control law given
by (45) in terms of (76). In the experiment with the CLF
controller presented here, we set £ = .04545.

B. Description of experiments and results

Two experiments were conducted for the purpose of com-
paring the controllers just described. In Exp. 1, we employed
the input-output linearizing controller (73) with gains set as
described above, and obtained 85 steps of walking. For Exp.
2, we started the robot under the same input-output linearizing
controller but then transitioned to the pointwise min-norm
controller (77) after 28 steps. The robot then walked for an
additional 77 steps under CLF control, as can be seen in the
video in [13].

In Fig. 6 we display the motor torques for the stance and
swing legs for 4 consecutive steps of walking under the input-
output linearizing controller in Exp. 1, and the CLF controller
in Exp. 2 respectively. (Torque saturation constraints were
active in both experiments, as can be observed in Fig. 6. The
torque saturation for the leg shape was inadvertently raised
from 10 to 12 Nm between the experiments, but the affect
on experiment comparison is negligible.) Note the reduced
motor torque oscillations for the controller based on the
CLF approach. Fig. 7 illustrates the desired and achieved
virtual constraints for the stance leg under the two controllers,
displaying very close tracking of the virtual constraints by the
input-output linearizing controller and rather loose tracking
of the virtual constraints by the CLF-based controller. In
fact, this should be expected, since the CLF-based controller
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Fig. 8: Plots of the Lyapunov function and its time derivative
for 4 consecutive steps of walking. (Vertical dotted lines
delineate data for individual steps.) Note that the increase in
V. during the initial part of the gait is most likely due to torque
saturation (see Fig. 6b) and model uncertainty. In the plot for
V., the thin black line depicts the derivative calculated in terms
of the partially linearized dynamics (72) (without accounting
for control saturation), which always satisfies the desired RES-
CLF bound VE < —gVE. The thick red line illustrates an
offline calculation of V. along trajectories of the full dynamics,
which incorporates torque saturation.

always uses the minimum torque required to meet the RES-
CLF convergence bound (42), essentially trading off tracking
performance for control efficiency as long as the required
convergence bound is satisfied.

In Fig. 8, we display plots of the Lyapunov function V; and
its calculated derivative V. for 4 consecutive steps of walking
under CLF control in Exp. 2. The thin black line on the bottom
plot (denoted Vs-online) depicts the online calculation of VE
along trajectories of the partially linearized system (72) (in
terms of (75)), and does not factor in the torque saturations
which are later applied to the full control (71)°. The thick
red line on the same plot (denoted Vg-oﬁ‘line) was calculated
offline along trajectories of the full system dynamics (69) with
the saturated versions of the control (71) with (77). The effects
of these saturation constraints, along with model uncertainty,
are the most likely reason that V, does not exactly follow the
theoretical bound (42).

IX. CONCLUSION

This paper presented a method for enlarging the class of
controllers that exponentially stabilize periodic orbits in hybrid
systems. Beginning with (hybrid) zero dynamics that contain
an exponentially stable periodic orbit, we presented a control
Lyapunov function approach to designing controllers that
stabilize the orbit in the full order dynamics. This was achieved
by introducing a notion of control Lyapunov functions that
allows for direct control of the rate of convergence to the
(hybrid) zero dynamics surface: RES-CLF. Explicit motivation
for this formulation was given, and an explicit means of
constructing control Lyapunov functions of this form was

3The authors have also achieved experimental results [14] with a CLF-based
control approach that does appropriately incorporate saturation constraints into
the control calculation, making use of an online convex optimization routine.
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Fig. 6: Motor torques for the stance and swing legs for 4 consecutive steps of walking for (a) input-output linearizing controller
in Exp. 1, and (b) CLF-based controller in Exp. 2. Note the reduced oscillations for the CLF-based controller.
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Fig. 7: Tracking for the stance-leg virtual constraints for (a) input-output linearizing controller in Exp. 1, and (b) CLF-based
controller in Exp. 2. The tracking for the input-output linearizing controller is quite good, whereas the CLF-based controller
always uses the minimum torque required to meet the RES-CLF convergence bound (42) and therefore does not track the

virtual constraints as closely.

presented. The culmination of the ideas presented in the paper
was given in the main result which states that given an
exponentially stable periodic orbit in a hybrid zero dynamics,
the existence of a RES-CLF implies that this periodic orbit
is exponentially stabilizable in the full-order dynamics. Since
the theoretical results presented were originally motivated by
bipedal robotic walking, they were applied in simulation to
a model of the robot RABBIT. To provide further evidence
of the practicality of the theoretical results, they were also
applied experimentally to MABEL. The end result is that CLFs
provide an interesting alternative to previous control methods,
and that the CLF methodology presents a systematic approach
for constructing stabilizing control laws for systems of this
type. In a separate publication [14], it will be shown how
the results of the paper allow control bounds to be explicitly
incorporated into an online implementation of a RES-CLF
controller.

APPENDIX A
PROOF OF THEOREM 1

Theorem 2, part (iv), of [19] is equivalent to Theorem 1,
but the provided proof is incomplete. As given, the proof
establishes asymptotic stability of the periodic orbit in the

full-order system instead of exponential stability. The proof
of exponential stability is completed here in the notation of
[19]. Then, an alternative proof is given using the notation of
the current paper.

A. Minor addition to result in [19]

On page 93 of [19], suppose that V;(z) satisfies
arllzll3 < Vi(z) < all2l3,

for some ¢; > 0 and ¢y > 0. Then there exist « > 0 and
8 > 0, such that

allzll; +alléll < V(z,€) < Bllzll3 + Bl

From the last line of the proof in [19],

V(2,6) < —kilz]5 — R2l€]l,

for k1 > 0 and ko > 0. Hence,

V() £ -2Vi() - VT
< _/JV(Zv )7



for p = F% and
1 kQ C2
k > max{M— m .
{ ' 2T ﬁ}
Therefore,
V<Z(ﬁ)?£<t)) S e_lLtV(ZOa€0>7
and thus

allzF + allE@®] < eV (20, ).

It follows that

1
()l < eV o, o),

and

€O <~V (z0,60).

Exponential stability is established.

B. Alternative proof

Proof: Tt was shown in [21] that, since 7 is an expo-
nentially stable periodic orbit in Z, there exists a Lyapunov
function Vz : Z — R such that in a neighborhood B;s(&'z)
of O A

killzl%, < Vz(2) < ko211,
Vz(2) < k213,
15| < Eallzllo, -

Denote the ES-CLF V by Vx and (motivated by the construc-
tion from [26] for singularly perturbed systems) define the
following Lyapunov function candidate

V(,2) = Va(z) + 2Vx (@) 8)
in a neighborhood Bs(&) of € (where we pick 6 > 0 to be
the same § for which V; was defined). It will be shown that
this function is a Lyapunov function for the orbit & for all €
sufficiently small, i.e., that there exists an & > 0 such that for
all 0 < ¢ < &, V is a Lyapunov function for &. We begin by
noting that

C
V(z,2) < k2||z||26’z+£||x||2
< max{ks, 5}(||Z||ﬁZ+II$H)
< max{k%;}ﬂ(%z)ﬂ%»

where the last inequality follows from the fact that & =

w(0Oz) C Z. That is, ||(x,2)[|% = ||lz||* + [|z]|%,. Similarly,
. c
V(w,2) = minfk, 23 (@, 2) 3.
Therefore, we need only establish that V(x, z) <

—ks|(z,2)||% for some k3 > 0. Using the fact that ¢(z, 2)

q(0, 2)) we have
A%

Q(O’ Z) + (Q(mv Z) -

Vi) = Va| (2)+ S Z (gl 2) - a(0,2)) + V()
< ka2l + H% lla(z, 2) — q(0, 2)|| — fvx( )
< —ks||zll%, + kaLgllzll 6, x| — ZCIHQ;H
=~ [lellos Nl ]| Wil ).

with L, the Lipschitz constant for ¢ and

k —LkyL
A:[1k3L 23;*‘1}
2 vd g e “1

Therefore, it is necessary to pick € > 0 such that A is
symmetric positive definite. In particular, A > 0 if det(A) > 0,

that is, L
C1C3K3 2
—_— qul@L,

which is satisfied if
40163]€3 =

=€
21.2 ’
L2k3

wherein it follows that k3 = Apin(A) and we have established
that V' is a Lyapunov function for the periodic orbit . ®

APPENDIX B
RELATIONSHIP BETWEEN THEOREM 1 AND THEOREM 2

A natural consequence of Theorem 2 is a variant of Theorem
1. That is, we can conceptually consider the control system
(1) as a hybrid control system with a trivial reset map*.

Corollary 1: For the system (1), let 07 be an exponentially
stable periodic orbit for the zero dynamics 2 = q(0, z) and
assume there exists a RES-CLF V; : X — R. Then there
exists an € > 0 such that for all 0 < € < € and for all
Lipschitz continuous u.(x,z) € K.(x,2), O = 19(0%) is an
exponentially stable hybrid periodic orbit of (41).

Remark 2: 1t is important to note that Corollary 1 uti-
lizes RES-CLF rather than ES-CLF. However, the Lyapunov
function (78) utilized in the proof of Theorem 1 includes a
1/e scale factor to weight the ES-CLF, and therefore both
approaches rely on ¢ to “control” the convergence to the zero
dynamics surface, i.e., ensure that it is fast enough to guarantee
stability of the entire system.

We finally note that the techniques used to prove Theorem
1 and Theorem 2, while similar in many respects, are actually
quite different. This difference lies in the fact that for Theorem
2 a Lyapunov function on the Poincaré section is used,
while for Theorem 1 a Lyapunov function for the continuous
dynamics (and the periodic orbit) is utilized. Extending the
proof considered in the continuous case to the hybrid case
is an interesting problem for future research since it would
allow for a better estimate of the domain of attraction over

4The rough idea is the following: in the proof of Theorem 2, let S be a
local Poincaré section for the periodic orbit of the non-hybrid system and
take the reset map, A, to be the identity. That is, the non-hybrid system is
conceptually viewed as a “trivial” hybrid system. With this setup, the proof
of Theorem 2 establishes Corollary 1.



the entire continuous dynamics rather than just the Poincaré
section. Doing so would require an extension of the results in
[21] to hybrid systems.
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