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Abstract
Optimal clustering is a notoriously hard task. Recently, several papers have suggested a new
approach to clustering, motivated by examining natural assumptions that arise in practice, or that
are made implicitly by many standard algorithmic approaches. These assumptions concern various
measures of stability of our given clustering instance. The work of Bilu and Linial [BL10] refers
to stability with respect to perturbations in the metric space, and gives positive results for inputs
stable to perturbations of size O(n1/3 ) for max-cut based clustering. The work of Balcan et
al [BBG09] refers to stability with respect to approximations of the objective, and gives positive
results for inputs such that all (1 + α)-approximations to the k-median (or k-means) optimal
solution are close, as partitions of the data, to the actual desired clustering. Related assumptions
are considered by Ostrovsky et al. [ORSS06].
In this paper we extend these directions in several important ways. For the Bilu-Linial assumption,
we show that for center-based clustering objectives (such as k-median, k-means, and k-center) we
can efficiently find the optimal clustering assuming only stability to constant-magnitude perturbations of the underlying metric. For the approximation assumption of Balcan et al., we relax their
condition to require good behavior only for “natural” (1 + α)-approximations of the objective:
specifically, to make assumptions only about approximations in which each point is assigned to
its nearest center. This relaxed assumption now allows for clusters in the optimum solution to be
quite close together. Nonetheless, we show that for the k-median objective, for any α > 0, under
the assumption that all such approximations yield the same partitioning it is still possible to obtain
an optimal solution in polynomial time. In addition, we show extensions of this result to infinite
metric spaces for any α ≥ 1.

1 Introduction
Problems of clustering data arise in a wide range of different areas – clustering proteins by function, clustering
documents by topic, and clustering images by who or what is in them, just to name a few. Unfortunately,
clustering can be a challenging problem, with many natural objective functions such as k-median, k-means,
and k-center optimization criteria being NP-hard to optimize [GK98, JMS02]. As a result, there has been
substantial work on approximation algorithms [ARR98, AGK+ 01, BCR01, CGTS99, KSS04, dlVKKR03]
with both upper and lower bounds on approximability of these and other objective functions.
In this paper we focus on center based clustering objectives, such as k-median and k-means. Under these
objectives we not only partition the data into k subsets, but we also assign k special points, called the centers,
one in each cluster. The quality of a solution is then measured as a function of the distances between the
data points and their centers. In general, algorithms for these objectives do not explicitly assume any special
structure of the input. However, in order for the results produced to be meaningful for the task at hand, one
implicitly makes the assumption that the optimum clustering according to the given objective is a desirable
partitioning of the data (correctly clusters proteins by their actual function or images by what is actually in
them). Often, when clustering arises in practice, other subtle yet non-trivial assumptions are made. In this
paper, we investigate implications of these assumptions.
Recently, Bilu and Linial [BL10] considered the assumption that not only is the optimal solution to
a given objective Φ the desired clustering one is looking for, but that this is also maintained even under
bounded multiplicative perturbations to the distance matrix (i.e., the optimum is stable to such perturbations).

This is motivated by the fact that in practice, distances between data points are typically just the result of some
heuristic measure (e.g., edit-distance between strings or Euclidean distance in some feature space) rather than
true “semantic distance” between objects. Thus, unless the optimal solution on the given distances is correct
by pure luck, it likely is correct or nearly so on small perturbations of the given distances as well. This can
also be viewed as a conceptual analog of a large margin assumption with respect to clustering objective Φ.
Bilu and Linial [BL10] analyze this type of assumption in the context of max-cut, but require stability up to
quite large perturbations, of multiplicative factors of roughly O(n1/3 ). Here we show that for k-median and
k-means objectives (in fact, any center-based objective function), we can use this stability assumption to find
the desired clustering for much smaller perturbation levels, on the order of small constants.
In a related vein, in the same way that exact optimization algorithms implicitly assume that the optimum
clustering according to the given objective is a desirable partitioning of the data (e.g., correctly clusters proteins by their actual function), approximation algorithms make the implicit assumption that approximations
to the objective will be desirable as well (e.g., clustering most proteins by their actual function). Balcan
et al. [BBG09] show that in fact these implicit assumptions can be used to bypass approximation hardness
results for these problems and allow one to efficiently achieve high-accuracy solutions. In particular, for
k-median and k-means objectives, they show that for any constant α > 0, if data satisfies the property that
all (1 + α)-approximations to the objective are ǫ-close to the desired clustering in terms of how points are
partitioned, then one can efficiently get O(ǫ)-close to the desired clustering. This is true even though obtaining a 1 + α approximation to the objective is NP-hard for α < 1e (and remains hard even under this
assumption). That is, one can perform nearly as well in terms of distance to the desired solution as if one
could approximate the objective to the NP-hard value. Balcan and Braverman [BB09] extend these results to
the min-sum objective as well.
One drawback of the results in [BBG09], however, is that they rely on the assumption that all approximations to the objective are close to the desired clustering, not only those that a natural algorithm might output.
In particular, natural algorithms for these objectives will output only “Voronoi-based” clusterings: clusterings
defined by k cluster centers (chosen in different ways depending on the algorithm) in which each data point
is assigned to its nearest center; i.e., clusters must correspond to Voronoi cells.1 What if we assume only
that Voronoi-based approximations of good objective value are desirable clusterings? In this case, many of
the useful properties implied by the Balcan et al. assumption and used in [BBG09] no longer hold, such as
the property that only an ǫ fraction of points can be “roughly indifferent” between their nearest and secondnearest cluster centers (see Figure 3). Can we still use these weakened assumptions to cluster well? In this
work we show that indeed we can, though via different methods. We consider two assumptions of this form,
depending on whether Steiner points are allowed as cluster centers. When Steiner points are not allowed, we
show that for any constant α > 0, if all Voronoi-based (1 + α)-approximate clusterings produce the same
partitioning of the data, then we can indeed algorithmically find this optimal partitioning (running time is
nO(1/α) ). When Steiner points are allowed and we assume the above for Voronoi-based 2-approximations,
we can also find the optimal partitioning.
Note that this assumption is related to the Bilu-Linial perturbation assumption because the optimum
clustering for a perturbed distance matrix will be an approximate optimum for the original distance matrix in
which each data point is assigned to an “approximately nearest” center. However, as we show in Section 4.1,
these assumptions are formally incomparable.
Other notions of stability for clustering have also been considered. The work of Ostrovsky et al. [ORSS06]
considers k-means clustering in Euclidean spaces, and considers an instance to be stable if the cost of the optimal k-means solution is small relative to the cost of the k − 1-means optimal. They show that over such
instances, an appropriately-initialized Lloyd’s method will achieve a constant factor approximation of the
optimal k-means cost. The works of Ben-David et al. [BDvLP06, BDPS07] consider a notion of stability
where the n data points come from a distribution. In their work, stability refers to the clustering algorithm,
which is called stable if it outputs similar clusters for any set of m input points (drawn from the distribution).
For k-means, the work of Meila [Mei06] discusses the opposite direction – classifying instances where an
approximated solution for k-means is close to the target clustering.
1.1 Our Results
As mentioned above, we consider two notions of stability. The first is the property of resilience to αperturbations. Here we assume that perturbing any pairwise distances in the metric space up or down by
a multiplicative factor
√ of α, does not change the optimal clustering according to the given objective Φ. We
show that for α = 3, under this assumption we can indeed retrieve the optimal clustering in time O(n3 )
(Theorem 5). This result holds not only for the k-median objective, but also for k-means, k-center or any
1
In particular, any non-Voronoi-based clustering can be easily converted to a Voronoi-based one with at least as good
an objective value.

center-based objective function in which points must be assigned to their nearest center in the optimum solution.
We next consider the property of stability with respect to Voronoi-based approximations, where the solution is given as a list of k center points, and any other point is assigned to its nearest center. Here we
focus in particular on the k-median objective and assume that not only is the k-median optimal equal to the
desired target clustering but so is any Voronoi-based (1 + α)-approximation to the k-median objective. Under
this assumption we show how to retrieve the target clustering in polynomial time (Theorem 14). We present
results for both finite metrics in Section 4, and for infinite metric spaces (in Section 5). Formally, for finite
metrics, under the assumption that there exists α > 0 such that all Voronoi-based (1 + α)-approximations
of the k-median objective are the same as the target clustering, we give an nO(1/α) time algorithm that finds
the target clustering. For infinite metrics, a case where k-median is NP-hard even for k = 2, we show the
following. Under the assumption that all Voronoi-based 2-approximations of the k-median objective are the
same as the target clustering, we give a nO(1) algorithm that finds the target clustering. Note that there exists
a PTAS for the k-median objective in Euclidean space [ARR98] but its running time is exponential in the
dimension of the space. In contrast, our result is polynomial time, regardless of the dimension.
At first glance, it is not clear whether this restriction of the assumptions in [BBG09] is significantly
weaker or whether it is no more than a minor technicality. In this paper, we show that indeed this assumption
holds for a substantially more general set of clustering instances than those considered there. As a result our
techniques differ significantly from those of Balcan et al. We refer the reader to Section 4.1.2 for examples
and further discussion. We also note that the two notions of stability discussed in this paper are somewhat
complementary in the following sense. The first property fixes the nature of the solution to be the exact
optimum, yet allows the metric to vary. The latter fixes the metric, yet allows the quality of the solution
to vary. However, these two notions are incomparable in a formal sense, and we elaborate on this point in
Section 4.1.1. We conclude the paper with discussion and open problems in Section 6.

2 Notation and Preliminaries
We are given a set S of n points in a finite metric space, and we denote d : S × S → R≥0 as the distance
function. Φ denotes the target function we want to optimize over the metric. Unless indicated otherwise,
we assume that Φ is the k-median objective, where to minimize Φ we partition the n points into k disjoint
P
P
subsets and assign a center ci for each subset. Φ is then measured by ki=1 x∈Ci d(x, ci ). The optimal
clustering w.r.t. Φ is denoted as C ∗ = {C1∗ , C2∗ , . . . , Ck∗ }, and its cost is denoted as OPT. Clearly, in an
optimal solution, we can output a list of k points as centers, {c∗1 , c∗2 , . . . , c∗k }, and assign each x to its nearest
center. Alternatively, for a finite metric, given a k-partition {C1∗ , C2∗ , . . . , Ck∗ }, we can find the best point c∗i
to serve as the least-costly center for every cluster 2 . We use C ∗ to denote both the optimal k-partition, and
the optimal
Given C ∗ , we denote OPTi as the contribution of the cluster i to OPT, that is
P list of k centers.
∗
OPTi = x∈C ∗ d(x, ci ).
i

3 The α-Perturbation Property
As mentioned above, often when using clustering techniques in practice, one does not know exactly how to
best measure distance between data points. Any given method is only an approximation to true “semantic
distance” between data objects. Thus, unless the k-median optimal on the given distances is correct by pure
luck, it likely is correct (or nearly so) on small perturbations of the given distances as well. Bilu and Linial
[BL10] analyze this type of assumption in the context of max-cut, but require stability up to quite large
perturbations, roughly O(n1/3 ). Here (for center based √
clustering objectives) we are able to find the desired
clustering for much smaller perturbation levels, namely 3.
Formally, given α > 1 we consider the following property. If the clustering instance consists of a set of
points S and a metric d, then for any function d′ : S × S → R≥0 s.t. ∀x, y ∈ S, d(x, y)/α ≤ d′ (x, y) ≤
α · d(x, y), the optimal clustering C ∗ for Φ under d should be equal to the optimal clustering C ′ for Φ under
d′ . We call instances that have this property α-perturbation resilient to Φ. Note that in this definition we
allow d′ to be any arbitrary function and not just a metric.
Our assumption in this section is that our input is α-perturbation resilient to some given center-based
clustering objective Φ. In particular, all we require about Φ is that the optimal solution C ∗ is defined by some
set of centers c∗1 , . . . , c∗k and assigns each point p ∈ S to its nearest center c∗i . For example, k-median and
k-means are both center-based clustering objectives.
Note that perturbation resilience has a natural connection to smoothed analysis. If a problem has polynomial smoothed complexity, then there is an immediate algorithm to solve instances that are perturbationresilient: specifically, make random perturbations to the input, solve, and then use the fact that the solution
2

This is also true when Φ is the k-means objective and data is represented as points in Rn .

to the perturbed instance is by assumption an optimal solution to the original.3 However, unfortunately the
hardness-of-approximation reductions for problems such as k-median immediately imply that these problems
remain hard in the smoothed analysis model, so this is not a valid approach here.
A key ingredient in our clustering algorithm is the tree-clustering formulation
√ of Balcan et. al [BBV08].
In particular, we prove that if an instance is α-perturbation resilient for α > 3 then it also satisfies the
“min stability property” (defined below). This property, as shown in [BBV08], is a (necessary and) sufficient
condition for the Single-Linkage algorithm to produce a tree such that the target clustering C ∗ is some pruning
of this tree. We can then use a second dynamic programming step to explore the tree and identify C ∗ . This is
shown in Theorem 5.
Fact 1 For every point p and its center c∗i under the optimal clustering, it holds that d(p, c∗j ) > α2 d(p, c∗i )
for any j 6= i.
Proof: Assume we blow up the distances within cluster Ci∗ by a factor of α, and that we also reduce all other
distances by a factor of α. As this is a legitimate perturbation of the metric, it still holds that the optimal
clustering for Φ under this perturbation is the same as the original optimum. Hence, p is still assigned to
the same cluster. Furthermore, since the distances within Ci∗ were all changed by the same constant factor,
the optimal clustering might as well keep using c∗i as the center of cluster i. The same holds for any other
cluster Cj∗ . It follows that even in this perturbed metric, p prefers c∗i to c∗j . Hence αd(p, c∗i ) = d′ (p, c∗i ) <
d′ (p, c∗j ) = d(p, c∗j )/α.
Corollary 2 For every point p and its center c∗i , and for every point p′ from a different cluster, it follows that
d(p, p′ ) > (α2 − 1)d(p, c∗i ).
Proof: Denote by c∗j the center of the cluster that p′ belongs to. Now, if d(p′ , c∗j ) ≥ d(p, c∗i ), we use
the fact that d(p, p′ ) ≥ d(p′ , c∗i ) − d(p, c∗i ) > α2 d(p′ , c∗j ) − d(p, c∗i ) ≥ (α2 − 1)d(p, c∗i ). Otherwise,
d(p′ , c∗j ) < d(p, c∗i ), and now we use the fact that d(p, p′ ) ≥ d(p, c∗j ) − d(p′ , c∗j ) > α2 d(p, c∗i ) − d(p′ , c∗j ) >
(α2 − 1)d(p, c∗i ).
We now define the “min-stability” property, and prove that a clustering instance resilient to α-perturbations
satisfies this property. For any two subsets A and B of S, we use the notation dmin (A, B) to denote
mina∈A,b∈B {d(a, b)}.
Definition 3 A clustering instance satisfies the min-stability property if for any two clusters C and C ′ in the
target clustering, and any two subsets A ( C, A′ ⊆ C ′ , it holds that dmin (A, C \ A) ≤ dmin (A, A′ ).
In words, the min-stability property means that for any set A that is a strict subset of some target cluster C,
the closest point to A is a point from C \ A, and not from some other cluster. The next lemma lies at the heart
of our algorithm.
Lemma 4 Assume α ≥
stability property.

√
3. Then a clustering instance that is α-perturbation resilient satisfies the min-

Proof: Let Ci∗ , Cj∗ be any two clusters in the target clustering. Let A and A′ be any two subsets s.t. A ( Ci∗
and A′ ⊆ Cj∗ . Let p ∈ A and p′ ∈ A′ be the two points which obtain the minimum distance dmin (A, A′ ). Let
q ∈ Ci∗ \ A be the nearest point to p. Also, denote by c∗i and c∗j the centers of clusters Ci∗ and Cj∗ respectively.
′
∗
For the sake of contradiction, assume that dmin (A, Ci∗ \ A) ≥ dmin
/ A. This means
√(A, A√). Suppose ci ∈
′
′
∗
∗
that d(p, p ) = dmin (A, A ) ≤ dmin (A, Ci \ A) ≤ d(p, ci ). As α ≥ 3 > 2, this contradicts Corollary 2.
We deduce that c∗i ∈ A.
Now, since c∗i ∈ A, it follows that d(q, c∗i ) ≥ d(p, p′ ) > (3 − 1)d(p, c∗i ) = 2d(p, c∗i ), so d(p, c∗i ) <
d(q, c∗i )/2. We therefore have that d(p′ , c∗i ) ≤ d(p, p′ )+d(p, c∗i ) ≤ 3d(q, c∗i )/2. This implies that d(p′ , c∗j ) <
d(p′ , c∗i )/α2 < d(q, c∗i )/2, and thus d(q, c∗j ) ≤ d(q, c∗i ) + d(c∗i , p) + d(p, p′ ) + d(p′ , c∗j ) < 3d(q, c∗i ) ≤
α2 d(q, c∗i ). This contradicts Fact 1.
3
Technically, perturbation resilience is defined in terms of multiplicative perturbations, whereas smoothed analysis
is typically defined in terms of additive perturbations, so one would want to use a multiplicative version of smoothed
complexity.

√
Theorem 5 For 3-perturbation resilient instances, there exists a polynomial time algorithm that finds the
optimal k-median (or k-means) clustering.
Proof: We run the Single-Linkage (i.e. Kruskal’s) algorithm, until we reach a single cluster. Running the
algorithm produces a hierarchical clustering of the data (a tree on subsets) in which each node represents
a cluster produced at some intermediate stage of the algorithm. By Lemma 4, the data satisfies the “minstability” property of [BBV08], which, as shown there, is sufficient to guarantee that some pruning of this
hierarchy is the target clustering.
We then find the k-median optimal clustering using dynamic programming by examining the entire hierarchy produced by single-linkage. The optimal k-clustering of a tree-node is either the entire subtree as one
cluster (if k = 1), or the minimum over all choices of k1 -clusters over its left subtree and k2 -clusters over
its right subtree (if k > 1). Here k1 , k2 are positive integers, such that k1 + k2 = k. Therefore, we just
traverse the tree bottom-up, recursively solving the k-median (or k-means) problem for each tree-node. A
naive implementation of this algorithm takes O(n(n2 + k 2 )) time, but a slightly more careful one takes only
O(n2 log n + nk 2 ) time.
Interestingly, using single-linkage in the usual way (namely, stopping when there are k clusters remaining) is not sufficient to produce
a good clustering. Figure 1 displays an instance for which the usual single√
linkage fails, yet satisfies 3-perturbation resilience.
100
B

A

10
20

D

C

Figure 1: An example showing that the usual version of single-linkage fails. OPT consists of 3 clusters:
{A, C}, {B}, {D} where C is much smaller in size than the rest. Since C contains significantly
less points
√
than A,B, or D, this instance is stable – even if we perturb distances by a factor of 3, the cost of any
alternative clustering is higher than OPT. However, because d(A, C) > d(B, D) it follows that the usual
version of single-linkage will unite B and D, and only then A and C.
√
We should also note that the 3 constant in Lemma 4 is a tight bound. To see this, consider a placement
of all points on a line. In particular, set the following 5 points in a line, from left to right (See Figure 2):
q, c, p, p′ , c′ . In order to assure that c and c′ will be the cluster centers, add a few additional points, all of
distance ǫ from c or c′ . Now, set the following distances: d(q, c) = 2, d(c, p) = 1, d(p, p′ ) = 2 − ǫ (for some
infinitesimally small ǫ > 0) and d(p′ , c′ ) = 1. The single linkage algorithm first connects p and c, then p′
and c′ , then it can arbitrarily choose between connecting q with {c, p}, or connected {c, p} with {c′ , p′ }, as
both the min-distances are 2. It remains to check that the distance of each point to its center is no more than
1/3 its distance to the other center.

Figure 2: An example showing that single-linkage fails for α <

4

√
3.

(1 + α)-Stability to Voronoi-Based Approximations for k-Median

Let us start by formally defining the stability property of approximations.
Definition 6 We call a k-partition Voronoi-based, if it is induced from a list of k-centers, where each point
is assigned to its nearest center. We say a clustering instance has the property of (1+α)-stability to Voronoibased approximations for a center-based objective function Φ, if any Voronoi-based (1 + α)-approximation
to Φ is in fact equal to C ∗ (up to renaming of the clusters).

Denote the optimal solution of Φ as a partition {C1∗ , C2∗ , . . . , Ck∗ }. Suppose we apply an (1+α)-approximation
algorithm and get a list of k points, p1 , p2 , . . . , pk , as an output. By assigning each element in the clustering
instance to its closest pi , we get a Voronoi-based solution, denoted {D1 , D2 , . . . , Dk }. Then (1 + α)-stability
to Voronoi-based approximations implies that there exists a permutation π ∈ Sk such that Dπ(i) = Ci∗ .
What we prove is that the optimal solution of a clustering instance that satisfies (1 + α)-stability to
Voronoi-based approximations for the k-median objective, can be found in polynomial time. Therefore, the
problem, which is NP-hard even to approximate beyond a factor of 1+1/e (see [GK98]), becomes polynomial
time solvable for such instances. For ease of exposition, we present the algorithm and prove its correctness in
stages. First we present an algorithm for 2-stability to Voronoi-based approximations, restricted to a particular
type of instances. Then we extend it to all instances satisfying 2-stability to Voronoi-based approximations,
and finally we handle all instances satisfying the property for (1 + α)-approximations (for any α > 0).
4.1 Comparison of Stability Notions
Before presenting the algorithm, we wish to discuss the similarities and differences of Definition 6 to the
property of resilience to α-perturbations and the definitions of Balcan et al. [BBG09] and Ostrovsky et
al. [ORSS06].
4.1.1 Comparison with Resilience to Perturbations
We show here that resilience to α-perturbations is formally incomparable to the α-stability property for
Voronoi-based approximations. For example, even if an instance has the 2-stability property for k-median, it
still does not assure us that by perturbing its distances by a factor of 2, we get the same optimum. In Section 4.1.2 we present an instance (shown in Figure 3) which is 2-stable under Voronoi-based approximations,
yet is not resilient even to very small perturbations.
To see that the other direction also does not hold, consider the following instance. We have k disjoint
sets, S1 , S2 , . . . , Sk , each contains t points. The distance between any two points that belong to the same Si
is 1. The distance between any two points that belong to two different sets Si 6= Sj is 5. Clearly, even if we
perturb distances by a factor of 2, each point is still more attracted to its own cluster than to any other point
in any other cluster. In contrast, the OPT solution has a cost of k(t − 1), but by placing two centers in one
cluster we obtain a solution whose cost is (k − 2)(t − 1) + t − 2 + 5t ≤ (k + 4)(t − 1) ≤ 2OPT. Therefore,
this instance does not have 2-stability to Voronoi-based approximations.
As an additional comment, we would like to add that if we are guaranteed that all k-partitions whose cost
is at most α2 OPT are exactly the same as the optimal solution (as in the (α2 , 0) notion of [BBG09]), this
assures that the instance is resilient to α-perturbations. In particular, an optimal solution to an α-perturbation
must be an α2 approximation of OPT under the original metric (though it may not be Voronoi based).
4.1.2 Comparison with Balcan et al. and Ostrovsky et al. Assumptions
The instances considered in [BBG09] have the property that any k-partition which is a (1 + α)-approximation
of OPT, yields a clustering which is ǫ-close to the target clustering. In comparison, here we only constrain
a subset of all of these partitions, namely – all partitions that result from assigning each point to its closest
center. We show that by focusing on instances with restrictions only over Voronoi-based partitions, we allow
for a much broader class of clustering instances. To demonstrate, we now present an instance that does
not satisfy the assumption of [BBG09], yet satisfies our version of the 2-stability property of Voronoi-based
approximations.
Suppose n consists of k + 1 different subsets. k subsets are of equal size s and are completely separated
- within each subset the distances are 0, and between any points from two different subset the distance is 1.
We call them the k corners. The additional k + 1 subset is smaller, it’s size is only s/2, and it is placed “in
the middle”. That is, all of its points are about in distance 1/2 from the points in the k clusters, only with
some variations. Partition this middle set into k “slices” of equal size, and assign the distances such that the
distance of between any two points from slice i and corner i is 1/2 − ǫ, whereas the distances between slice
i and corner j is exactly 1/2.
Clearly, the optimal k-median solution assigns one center in each corner. This way, we only split the
middle subset, and pay 1/2 − ǫ for each point in this middle subset, so OPT is roughly s/4. Furthermore,
to find any other Voronoi-based solution that yields a different clustering, we must push (at least) one of the
centers to either the middle, or to a corner. In each case, we move a whole corner by distance at least 1/2,
so we pay s/2 just for that transition. Therefore, this instance indeed satisfies the 2-stability property. See
Figure 3 for the case k = 3.
In contrast, notice that it does not satisfy the property that any arbitrary partition into k subsets which
approximates OPT also approximates the target clustering. To see that, consider a partition that assigns each
slice in the middle subset to its second nearest corner. Every point in the middle subset now increased its
cost by at most ǫ, yet the assignment of points to cluster changed by s/2 points, which is a Ω(1/k) fraction!
This example also demonstrates the difference between our stability assumption and the one of Ostrovksy

et al [ORSS06]. The cost of the optimal (k − 1)-median partition is roughly s;4 the cost of the optimal kmedian partition is roughly s/4; and the cost of the (k + 1)-median optimal is o(s). Therefore, this instance
is considered stable in the Ostrovsky et al. sense only for k + 1 partitions.

Figure 3: An example satisfying 2-stability to Voronoi-based approximations for k-median but not the (2, 0)
property in [BBG09] or resilience even to α = 1 + ǫ perturbations. Here k = 3. This example points out that
algorithms for clustering under 2-stability to Voronoi-based approximations must handle such “adversarially
designed” distance functions correctly.

4.2 An Algorithm for 2-Stability to Voronoi-Based Approximations
Before presenting the theorem regarding the (1 + α)-stability property, we first discuss the case where α = 1,
i.e. the 2-stability property. This case provides the the outline for the general theorem.
∗
We say a target cluster Ci∗ is small if OPTi ≤ OPT
16 , otherwise, we say Ci is large. For now, let us
assume that all clusters are small, i.e., no cluster costs a Ω(1) fraction of the optimal solution. In this section
we show an algorithm for solving this particular case (i.e. the target clustering consists only of small clusters
and satisfies the 2-stability property). In later sections, we handle large clusters as well, then modify the
general algorithm to deal with instances satisfying the (1 + α)-stability property.
Our algorithm populates a list Q, where each element in this list is a subset of points. Ideally, each subset
is contained in some target cluster, yet we might have a few subsets with points from two or more target
clusters. The algorithm works in stages, where in stage s it tries to capture a cluster of size (roughly) s. It
does so by setting r, a certain radius, and accumulating elements according to the number of points that fall
into their r-ball.
1: Initially, set Q = ∅.
2: for s = n to 1 do
3:
Set r = OPT
4s .
4:
Remove any point x such that d(x, Q) < 2r. Here, d(x, Q) = minT ∈Q;y∈T d(x, y).
5:
For every remaining element x, count the number of points that are of distance ≤ r from x, that is –
the size |B(x, r)|.
6:
Connect any two remaining point a and b if d(a, b) ≤ r and both |B(a, r)| > 2s and |B(b, r)| > 2s .
7:
Add every connected component of size > 2s to Q, where every component corresponds to one element
in Q.
8: end for
9: for any choice of k components out of Q (we later show that |Q| < k + 6) do
10:
Arbitrarily choose a point in each component.
11:
Partition all n points according to the nearest point among these k centers.
12:
Re-evaluate the k-median cost of a partition by choosing the best center for each subset.
13:
If these k centers give a solution of cost OPT – output these k centers and halt.
14: end for
4

place one center in the “middle” set, instead of two in two corners

4.2.1 Proof of Correctness
Before going into the proof of correctness of the algorithm, note the following two facts.
Fact 7 Given a target cluster Ci∗ with center c∗i and point p ∈
/ Ci∗ , it holds that d(p, c∗i ) >

OPT
|Ci∗ | .

Proof: Assume that p is not the center of any other target cluster. Let’s assume that instead of having
{c∗1 , c∗2 , . . . , c∗k } as the centers of the clustering, we move the center c∗i to the point p, while maintaining all
other centers c∗j as they were. Using these new centers we must obtain a different clustering, because p is
not assigned to its original cluster center. Therefore, the cost of this new clustering has to be > 2OPT, so
this change must increase the cost by at least OPT. However, this increase in cost only emanates from points
∗
in Ci∗ , as the cost P
of any other pointP
can only decrease. P
Furthermore, the change in cost
Pfor cluster Ci is
upper bounded by x∈C ∗ d(x, p) − x∈C ∗ d(x, c∗i ) ≤ x∈C ∗ (d(x, c∗i ) + d(c∗i , p)) − x∈C ∗ d(x, c∗i ) =
i
i
i
i
|Ci∗ |d(c∗i , p). The required follows. Note that alternatively, we could assign all points in Ci∗ to some c∗j , thus
increasing cost by at most |Ci∗ |d(c∗i , c∗j ), so the claim also holds when p = c∗j for some j.
o
n
OPT
. Then if Ci∗ is a small cluster, it must
Fact 8 We define the inner ring of Ci∗ as the set x; d(x, c∗i ) ≤ 8|C
∗|
i
hold that more than half of its points are contained within the inner ring.
Proof: This follows from Markov’s inequality. If at least |Ci∗ |/2 points are outside of the inner ring, then
|C ∗ |
OPT
∗
OPTi > 2i · 8|C
∗ | = OPT/16. This contradicts the fact that Ci is small.
i

Our high level goal is to show that for any cluster Ci∗ in the target clustering, we insert a component Ti
that will be contained within Ci∗ and will only contain points that are close to c∗i . It will follow from the next
claims that the component Ti is the one that contains points from the inner ring of Ci∗ . We start with the
following Lemma which we will utilize a few times.
Lemma 9 Let T be any component added to Q. Let s be the stage in which we add T to Q. Let Ci∗ be any
small cluster
s.t. s ≥i|Ci∗ |. Then (a) T does not contain any point z s.t. the distance d(c∗i , z) lies within the
h
1 OPT 3 OPT
2 |Ci∗ | , 4 |Ci∗ |
d(c∗i , p2 ) > 43 OPT
|Ci∗ | .

range

, and (b) T cannot contain both a point p1 s.t. d(c∗i , p1 ) <

Proof: We prove (a) by contradiction. Assume T contains a point z s.t.
OPT
4s ).

1 OPT
2 |Ci∗ |

1 OPT
2 |Ci∗ |

and a point p2 s.t.

≤ d(c∗i , z) ≤

d(c∗i , p)

3 OPT
4 |Ci∗ | .

Let p be

≥ d(c∗i , z) − d(z, p) ≥
that p belongs to Ci∗ , and

Then by the triangle inequality we have that
any point in the ball B(z,
1 OPT
∗
,
and
similarly
d(c
,
p)
≤
d(c∗i , z) + d(z, p) ≤ OPT
i
4 |Ci∗ |
|Ci∗ | . Due to Fact 7 it holds
∗
from the definition of the inner ring of Ci , it holds that p falls outside the inner ring. However, z is added to
∗
T because the ball B(z, OPT
4s ) contains more than s/2 ≥ |Ci |/2 many points. So more than half of the points
∗
∗
in Ci fall outside the inner ring of Ci , which contradicts Fact 8.
Assume now (b) does not hold. Recall that T is a connected component, so exists some path p1 → p2 .
OPT
Each two consecutive points along this path were connected because their distance is at most OPT
4s ≤ 4|C ∗ | .
i

and d(c∗i , p2 ) > 34 OPT
|Ci∗ | , there must exist a point z along the path whose distance from
h
i
3 OPT
c∗i falls in the range 12 OPT
|C ∗ | , 4 |C ∗ | , contradicting (a).
As d(c∗i , p1 ) <

1 OPT
2 |Ci∗ |

i

i

Claim 10 Let Ci∗ be any cluster in the target clustering. By stage s = |Ci∗ |, the algorithm adds to Q a
component T that contains a point from the inner ring of Ci∗ .
Proof: Suppose that up to the stage s = |Ci∗ | the algorithm has not inserted such a component into T . Also,
assume for now that none of the inner ring points were removed in step (4). This means that the inner ring
of cluster Ci∗ still contains more than |Ci∗ |/2 points. Also observe that all inner ring points are of distance at
OPT
OPT
most 8|C
∗ | from the center, so every pair of inner ring points has a distance of at most 4|C ∗ | . Hence, when
i

i

OPT
we reach stage s = |Ci∗ |, any ball of radius r = OPT
4s = 4|Ci∗ | centered at any inner-ring point, must contain
all other inner-ring points. This means that at stage s = |Ci∗ | all inner ring points are connected among
themselves, so they form a component (in fact, a clique) of size > s/2. Therefore, the algorithm inserts a
new component, containing all inner ring points.

So, by stage s = |Ci∗ |, one of two things can happen. Either the algorithm inserts a component that
contains some inner ring point to Q, or the algorithm removes an inner ring point in step (4). If the former
happens, we are done. So let us prove by contradiction that we cannot have only the latter.
Let s ≥ |Ci∗ | be the stage in which we throw away the first inner ring point of some cluster Ci∗ . At stage
s the algorithm removes this inner ring point x because there exists a point y in some component T ′ ∈ Q, s.t.
OPT
OPT
5 OPT
∗
′
∗
d(x, y) < OPT
2s , and so d(ci , y) ≤ 8|C ∗ | + 2s ≤ 8 |C ∗ | . Let s ≥ s ≥ |Ci | be the previous stage in which
i

i

we added the component T ′ to Q. As Lemma 9 applies to T ′ , we deduce that d(c∗i , y) < 21 OPT
|Ci∗ | . Recall that
′
′
∗
∗
T contains > s /2 ≥ |Ci |/2 many points, yet, by assumption, contains none of the |Ci |/2 points that reside
in the inner ring of Ci∗ . It follows from Fact 8 that some point w ∈ T must belong to a different cluster Cj∗ .
By Fact 7, we have that d(c∗i , w) > OPT
|C ∗ | . The existence of both y and w in T contradicts Lemma 9.
i

We call a component T ∈ Q good if it contains an inner ring point of some cluster Ci∗ , and bad otherwise.
We now discuss the properties of good components.
Claim 11 Let T be a good connected component added to Q, containing an inner ring point from cluster
OPT
∗
∗
Ci∗ . Then: (a) all points in T are of distance at most 2|C
∗ from ci , (b) T is fully contained in Ci , and (c) no
i|
other component T ′ 6= T in Q contains an inner ring point from Ci∗ .
Proof: As we do not know (c) in advance, it might be the case that Q contains many good components, all
containing an inner-ring point from the same cluster, Ci∗ . Out of these (potentially many) components, let T
denote the first one inserted to Q. We show (a), (b) and (c) hold for T , and deduce that T is the only good
component to contain an inner ring point from Ci∗ . Denote the stage in which T was inserted to Q as s. Due
to the previous claim, we know s ≥ |Ci∗ |, and so Lemma 9 applies to T .
OPT
∗
To show (a), assume T contains a point z s.t. d(c∗i , z) > 2|C
∗ | . Lemma 9 guarantees that d(ci , z) >
i

1 OPT
But we know T contains some inner ring point x from Ci∗ , so d(c∗i , x) ≤ 18 OPT
|Ci∗ | < 2 |Ci∗ | . This
contradicts part (b) of Lemma 9. Since we now know (a) to hold, we have that all points in T belong to Ci∗
because of Fact 7, so (b) follows. We now prove (c).
Because of (b), we deduce that the number of points in T is at most |Ci∗ |. However, in order for T to be
added to Q, it must also hold that |T | > s/2. It follows that s < 2|Ci∗ |. Let x be an inner ring point of Ci∗
OPT
OPT
that belongs to T . Any other inner ring point from Ci∗ is of distance at most 4|C
∗| <
2s from x. So, in the
3 OPT
4 |Ci∗ | .

i

next stage, when the algorithm applies step (4) and removes all points whose distance from x is < OPT
2s , it
must remove all inner-ring points of Ci∗ that weren’t added to T . Thus, other than T , no component in Q can
contain an inner ring point of Ci∗ .
Corollary 12 For each small cluster Ci∗ , there will be exactly one good component T ∈ Q.
We now show that in addition to having all k good components, we cannot have too many bad components.
Claim 13 We have less than 6 bad components.
Proof: Let T be a bad component, and let s be the stage in which T was inserted to Q. Let y be any point
in T , and let C ∗ be the cluster to which y belongs in the target clustering. We show d(c∗ , y) > 38 OPT
s . We
divide into cases.
∗
Case 1: s ≥ |C ∗ |. We apply Lemma 9, and deduce that either d(c∗ , y) < 21 OPT
|C ∗ | or that d(c , y) >
3 OPT
4 |C ∗ |

∗
∗
∗
≥ 34 OPT
s . As the inner ring of C contains > |C |/2 and T contains > s/2 ≥ |C |/2 many points,
∗
none of which is an inner ring point, some point w ∈ T does not belong to C . Fact 7 gives that d(c∗ , w) >
3 OPT
OPT
∗
|C ∗ | > 4 |C ∗ | . Part (b) of Lemma 9 assures us that all points in T are also far from c .
∗
Case 2: s < |C |. Using Claim 10 we have that some good component containing a point x from the inner
ring of C ∗ was already added to Q. Since y survives step (4), we deduce that d(c∗ , y) ≥ d(x, y) − d(c∗ , x) ≥
OPT
3 OPT
OPT
2s − 8|C ∗ | > 8 s .

All points in T have distance > 3OPT
8s from their respective centers in the target clustering, and recall that
T is added to Q because T contains at least s/2 many points. Therefore, the contribution of all elements in
T to OPT is at least 3OPT
16 . It follows that we can have no more than 16/3 < 6 such bad components.
We can now prove the correctness of the algorithm presented in Section 4.2.

Theorem 14 The algorithm outputs the correct centers of the target clustering C ∗ .
Proof: Using Corollary 12, it follows that there exists some choice of k components, such that all components are good, and therefore, each component is contained within a single, unique, cluster of the target
clustering C ∗ . Fix that choice. Denote the arbitrary points we pick, one point from each good component, as
OPT
p1 , p2 , . . . , pk . From claim 11 it follows that d(c∗i , pi ) ≤ 2|C
∗ .
i|
Assume that by using pi ’s as centers we do not get the target clustering. So there exists some i, j and a
point z such that the point z is assigned to the cluster of pi , whereas in the target clustering it is assigned to
Cj∗ . I.e., d(z, c∗i ) > d(z, c∗j ) whereas d(z, pi ) < d(z, pj ). (Assume ties are broken in favor of lexicographic
order.)
Imagine that we are taking the optimal k centers, c∗1 , c∗2 , . . . , c∗k , and we replace c∗i by pi , and c∗j by pj .
We use these k points to produce a Voronoi based clustering. In this clustering it is evident that we do not
assign z to cluster j, because z prefers pi over pj . Therefore, this solution differs from the optimal solution,
and by the 2-stability property of Voronoi-based approximations, this solution has cost > 2OPT. We now
apply the same argument from the proof of Fact 7 to derive a contradiction. In this new clustering, only
points in Ci∗ and Cj∗ can increase their cost, and using the triangle inequality we can upper bound the cost by
P
P
OPT
OPT
∗
OPT + x∈C ∗ d(c∗i , pi ) + x∈C ∗ d(c∗j , pj ) = OPT + |Ci∗ | · 2|C
∗ | + |Cj | · 2|C ∗ | ≤ 2OPT.
i

j

i

j

To complete the proof, note that once we have the target partitioning {C1∗ , C2∗ , . . . , Ck∗ }, we can find the
best center for each cluster. By re-calculating the k-median cost using the best centers, we verify that we
indeed obtain the optimal clustering.

4.3 Handling Large Clusters
The algorithm presented in Section 4.2 only dealt with the case where all clusters were small. We now
remove this restriction. Note that we only have less than 16 large clusters and we can handle them by brute
force – simply guessing the number of large clusters and their centers. The general algorithm is as follows.
1: for l = 0 to 15, and any choice of l points p1 , p2 , . . . , pl do
2:
Run the algorithm from Section 4.2, with the exception that initially Q = { {p1 }, {p2 }, . . . , {pl } }.
3:
If a clustering of cost OPT is found, output that clustering and halt.
4: end for
Suppose that there are l ≤ 15 large clusters, and we guessed the right l centers of these clusters. We
show that the analysis of algorithm presented in Section 4.2 extends to this case.
Fact 7 does not change, and neither does all the facts and claims about the inner rings of small clusters. As
for bad clusters, the proof of Claim 13 still holds. Assuming we pick the right centers for the large clusters,
even if y ∈ T belongs to a large cluster, we still have that d(c∗ , y) > OPT
2s , and so it still holds that each
bad component contributes 3OPT
to
the
optimal
solution.
Finally,
observe
that Theorem 14 still holds by the
16
assumption that the first l components are the centers of the large clusters.
4.4 Runtime analysis
A naive implementation of the first part of algorithm in Section 4.2 takes O(n3 ) time (for every s and every
point x, find how many of the remaining points fall within the ball of radius r around it). The second part
requires k 5 iterations, in which we do O(n2 ) work (of finding the best center for each cluster). Overall, the
running time of the algorithm presented in Section 4.2 is O(n3 + k 5 n2 ).
The algorithm presented in Section 4.3 requires up to n16 iterations of the former algorithm for every
possible brute force guess of centers. This gives a total running time of O(n19 k 5 ).
4.5 Extension to (1 + α)-Stability to Voronoi-Based Approximations
The algorithm in Section 4.3 can be adapted to handle instances which have (1 + α)-stability to Voronoibased approximations. Note that all claims and lemmas in the previous section depend only on the increase
in cost we get by changing the clustering. Therefore, if our instance satisfies (1 + α)-stability to Voronoibased approximations, simply replace every occurrence of OPT in the previous algorithm with αOPT, and
the same proof goes through.
∗
In more details, it now holds that d(c∗ , p) > αOPT
/ C ∗ . We
|C ∗ | for every target cluster C , and a point p ∈
now define a large cluster as a cluster whose cost is OPTi > αOPT
16 . Hence, there are less than 16/α large
clusters, and we can brute-force guess their centers. For every small cluster Ci∗ , we define its inner ring as all
αOPT
points whose distance from the center is at most αOPT
8|Ci∗ | . Therefore, if we form balls of radii r = 4|Ci∗ | around
points from the inner ring, they all contain the inner ring of Ci∗ . The proof of correctness now follows from
the same arguments as before. We present the formal algorithm and its proof in Appendix A.

5 2-Stability to Voronoi-Based Approximations for k-Median, for Infinite Metric
Spaces
So far we’ve only considered finite metrics where the centers in the optimal solution can be assumed to be
points in the data set. However, instances often reside in an infinite metric space (e.g., a Euclidean space),
in which case the centers of the k-median optimal solution need not be data points, but rather any point
in the metric space. Note that in this case, even solving k-median for k = O(1) is non-trivial. It is easy
to see that in infinite metric spaces, the center points lie in the convex hull of the given n data points. In
this section, we consider metric spaces that allow “Steiner points”. In particular, we allow setting cluster
centers at any convex combination of two data-points. Namely, given two finite points x, y, we consider
all points between them of the form x̃ = λx + (1 − λ)y. The distance of any point p to x̃ is at most
min{d(p, x) + λd(x, y), d(p, y) + (1 − λ)d(x, y)}. We present a result that holds for any metric space that
allows the use of Steiner points (such as the Euclidean space). We show that under the assumption that any
Voronoi based 2 approximation to the k-median objective is equal to the target clustering, we can find the
target clustering in polynomial time. We refer the reader to Appendix B for the algorithm and its analysis.
We stress that for infinite metric spaces, we can only handle the 2-stability property and we do not know how
to handle values below 2.

6 Conclusions and Open Problems
There are several natural√open questions left by this work. Perhaps the most clear open question is whether
one can reduce the α = 3 factor given for efficient clustering under stability with respect to α-perturbations
in the metric. Alternatively, perhaps there is a lower bound showing that NP-hardness results can be extended
to instances satisfying this condition.
Another open question involves the relation to the ((1 + α), ǫ)-property of Balcan et al. [BBG09]. Balcan
et al. assume that all (1 + α)-approximations for the k-median are ǫ-close to the target clustering in terms of
how points are clustered, and under this assumption they provide polynomial time algorithms for achieving
clusterings that are O(ǫ)-close to the target. Here, we assumed that all (1 + α)-Voronoi-based approximations
for the k-median are identical to the target clustering and gave algorithms for finding the optimal solution
exactly. Can we relax our assumption to approximations that are ǫ-close to the target and still have polynomial
time algorithms that cluster well? Namely, if we assume that all (1 + α)-Voronoi-based approximations for
the k-median objective are ǫ-close to the optimal solution – is there an efficient algorithm that outputs a
clustering which is O(ǫ)-close to the target clustering? Another interesting direction is whether we can
extend our results on stable Voronoi based approximations to other common objectives such as k-means and
k-center.
On a more general note, this paper considers a natural setting in which we solve or approximate one
objective while hoping to obtain the solution for a different one. For example, in this paper we optimize the
k-median objective, hoping to obtain our target clustering. This setting often occurs in real-life problems
and as with [BBG09, BL10] by making natural assumptions explicit, one might be able to bypass existing
hardness results. In addition, this approach might be useful in the study of other NP-hard problems. We view
this as a complementary approach to the more commonly analyzed framework of smoothed analysis [ST04].
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A

An Algorithm (1 + α)-Stability to Voronoi-Based Approximations

We present the algorithm for finding the target clustering of any instance satisfying (1 + α) to Voronoi-based
approximations in this section.
1: for l = 0 to ( 16
α − 1), and any choice of l points p1 , p2 , . . . , pl do
2:
Initialize Q = { {p1 }, {p2 }, . . . , {pl } }.
3:
for s = n to 1 do
4:
Set r = αOPT
4s .
5:
Remove any point x such that d(x, Q) < 2r. Here, d(x, Q) = minT ∈Q;y∈T d(x, y).
6:
For every remaining element x, count the number of points that are of distance ≤ r from x, that is
– the size |B(x, r)|.
7:
Connect any two remaining point a and b if d(a, b) ≤ r and both |B(a, r)| > 2s and |B(b, r)| > 2s .
8:
Add every connected component of size > 2s to Q, where every component corresponds to one
element in Q.
9:
end for
10:
for any choice of k components out of Q do
11:
Arbitrarily choose a point in each component.
12:
Partition all n points according to the nearest point among these k centers.
13:
Re-evaluate the partition by choosing the best center for each subset.
14:
If these k centers give a solution of cost OPT – output these k centers and halt.
15:
end for
16: end for
16
6
The running time of this algorithm is O(n( α +3) k α ), using a straight-forward implementation. The
proof of correctness for this algorithm is very similar to the proof presented in Section 4.2.1. First, note that
for every target cluster Ci∗ and a point p ∈
/ Ci∗ it holds that d(c∗i , p) > α OPT
|Ci∗ | , as otherwise we can move
∗
the center of Ci to p and increase the cost by no more than αOPT. Define a large cluster as a cluster s.t.
OPTi > αOPT
16 , and otherwise call a cluster small. Clearly, there are less than 16/α large clusters, and we
can brute-force guess their centers. For every small cluster Ci∗ , we define its inner ring as all points whose
αOPT
distance from the center is at most αOPT
8|C ∗ | . Therefore, if we form balls of radii r = 4|C ∗ | around points from
i

i

the inner ring, they all contain the inner ring of Ci∗ .
As in Section 4.2.1, Lemma 9 holds in this case with OPT being replaced by αOPT. Next, as in Claim 10,
it is easy to show that for each small cluster Ci∗ , by stage s = |Ci∗ |, a good component will be added to Q. All
the properties of a good component which were proved in Claim 11 remain true with the change that points
in a good component corresponding to Ci∗ will be at a distance of αOPT
2|Ci∗ | from the center of the cluster.
Now, we claim that we have no more than 16/3α bad components in Q. Suppose we insert a bad
component into Q in stage s. That means this bad component contains s/2 points. Any point p in this
from its target cluster’s center, from the same considerations
component has to have distance ≥ 3αOPT
8s
mentioned in Claim 13. Therefore, all points in the bad component contribute 3αOPT/16 to the total cost of
OPT, and hence we have less than 16/3α such bad components.
Assume we have l large target clusters, and k ′ small target clusters. Also assume we picked the l centers
of the large clusters, and the k ′ good components out of Q. Therefore we pick k ′ points, each from a different
OPT
cluster, each within distance α 2|C
from its center, and additional l points, each is the center of a large
∗
i|
cluster. We claim that by assigning points as these k = k ′ + l points as cluster centers, we get the target
clustering. The proof is essentially the same as in Theorem 14. If this wasn’t the case, then there exists
a change of no more than two cluster centers changing the clustering of at least one point. Hence, just by
changing (at most ) two cluster centers we increase the cost by at least αOPT. However, our new center
OPT
points are of distance at most α 2|C
∗ from their original center points, so we can increase our cost by no
i |
more than αOPT.

B An Algorithm for 2-Stability to Voronoi-Based Approximations, for Infinite
Metric Spaces
The algorithm presented here is a variation of the algorithm presented in 4.3. The major difference between
the two is that now we collect components by sheer size, without considering the number of points contained
in its vicinity. The correctness proof of this algorithm follows the outline of the proof presented in Section 4,
yet it is simpler on some aspects.
∗
We call a cluster Ci∗ small if OPTi ≤ OPT
64 , otherwise, we call Ci large. The algorithm is given below.
1: Guess l = # of large clusters. Note that l is at most 63.
2: Guess l points p1 , p2 , . . . , pl . Here pi is a guess for the point closest to the center of a large cluster Ci∗ .
3: Initialize Q = {{p1 }, {p2 }, . . . , {pl }}.
4: for s = n to 1 do
T
5:
Remove any point x such that d(x, Q) < OP
2s . (Again, d(x, Q) = minT ∈Q;y∈T d(x, y).)
T
6:
Among the remaining points, form a graph as follows: connect (a, b) if d(a, b) ≤ OP
2s .
s
7:
Add to Q all connected components in this graph of size > 2 .
8: end for
9: for every choice of k components in Q do
P
10:
For each component C choose as center the point p which minimizes x∈C d(x, p).
11:
Compute the k-median cost of the resulting clustering.
12:
Over all guesses of N points, and all choices of k components in Q, output the clustering that minimized the k-median cost.
13: end for
B.1

Proof of Correctness

Fact 15 For any two target clusters Ci∗ and Cj∗ , and any two points x ∈ Ci∗ and y ∈ Cj∗ , it holds that
OPT
d(x, y) > 2 min(|C
∗ |,|C ∗ |) .
i

j

Proof: For convenience of notation, let x be a point in C1∗ , and y a point in C2∗ . Wlog, assume |C1∗ | ≤ |C2∗ |.
For now, assume y isn’t c∗2 . We now shift c∗1 along the edge hc∗1 , yi to a point c′1 , where d(c′1 , y) = d(c∗2 , y).5
Now, we claim that the Voronoi-based clustering we get by using c′1 instead of c∗1 differs from the optimal
clustering. Indeed, in this clustering, y is indifferent between c′1 and c∗2 . Therefore, push c′1 an infinitesimally
small distance towards y, so that y will prefer c′1 over c∗2 .
∗
the quantity
all points in the metric
P space, c′ 2 is the point p that′ minimizes
P First, observe that amongP
∗
∗
d(z,
c
d(z,
c
)
≤
d(z,
p).
In
particular,
∗
∗
∗
1 ). Since y prefers c1 to c2 , it follows that for
2
z∈C2
z∈C2
z∈C2
some point z2 ∈ C2∗ , it must hold that d(z2 , c∗2 ) < d(z2 , c′1 ). Therefore, z2 prefer c∗2 , yet y prefers c′1 , and
this clustering must be different from the optimal clustering. By the 2-stability property, we have that this
5

Observe, even if c∗1 isn’t a data point, we can still shift c∗1 along some path towards y until it is sufficiently close to y.

clustering’s cost is at least 2OPT. Let λ = d(c∗1 , c′1 ). Clearly, λ = d(c∗1 , y) − d(c∗2 , y) ≤ d(c∗1 , x) + d(x, y) −
d(c∗2 , y). As x prefers c∗1 over c∗2 we have that λ ≤ d(x, y) + d(c∗1 , x) − d(c∗2 , y) ≤ d(x, y) + d(c∗2 , x) −
d(c∗2 , y) ≤ 2d(x, y). This allows
by
P us to upper bound the cost of the Voronoi-based clustering produced
OPT
{c′1 , c∗2 , . . . , c∗k } with OPT + z∈C ∗ d(c∗1 , c′1 ) ≤ OPT + 2|C1∗ |d(x, y). We infer that d(x, y) > 2|C
.
∗
1
1|
If y = c∗2 , then consider the Voronoi-based clustering formed by replacing c∗1 with an arbitrary point
z ∈ C2∗ .6 Here, we assign y and z to two different clusters, so again, our cost increases by more than OPT.
On the other hand, we can upper bound the cost of this solution by OPT + |C1∗ |d(c∗1 , c∗2 ) so we deduce
∗ ∗
∗
∗
∗
∗
∗
d(c∗1 , c∗2 ) > OPT
|C ∗ | . Now, observe that d(c1 , c2 ) ≤ d(c1 , x) + d(x, c2 ) ≤ 2d(x, c2 ) as x prefers c1 to c2 . We
i

deduce that even when y = c∗2 it holds that d(x, y) = d(x, c∗2 ) >

OPT
2|C1∗ | .

OPT
∗
As before, for every small cluster Ci∗ , we call the set {x : d(x, c∗i ) ≤ 8|C
∗ } as the inner ring of Ci .
i|
As before, the inner ring of small clusters contain strictly more than half of the cluster. In fact, the inner
ring contains more than 87 |Ci∗ |, but for the majority of our argument, the crude bound of 1/2 will do. Call a
component good if it is contained within some target cluster Ci∗ and it contains all of the inner ring points of
Ci∗ . We now show that each small target cluster will have a single, unique, good component.

Lemma 16 For each small cluster Ci∗ , there is exactly one good component in Q.
Proof: Let T be any component in Q, and let s be the stage in which T was inserted. We claim that for any
smaller cluster Ci∗ , s.t. |Ci∗ | ≤ s, we either have T ⊂ Ci∗ or T ∩ Ci∗ = ∅. To see this, suppose that T contains
OPT
≥ OPT
a point x ∈ Ci∗ and a point y ∈
/ c∗i . From Fact 15 it follows that d(x, y) > 2|C
∗
2s . Therefore, we
i|
cannot directly connect x and y. However, T is a connected component, so exists a path x → y. Along this
path there must exist a pair x′ , y ′ of two consecutive points s.t. x′ ∈ Ci∗ and y ′ ∈
/ Ci∗ . The existence of these
two points contradicts Fact 15.
We now follow the same reasoning from Claim 10. If by stage s = |Ci∗ | we haven’t removed any point
from the inner ring, then at this stage we form a connected component containing the entire inner ring. So, by
stage s = |Ci∗ | we either insert a component containing an inner ring from Ci∗ to Q or we remove some inner
ring point of Ci∗ . By contradiction, assume only the latter happens. That means we have a component T ′ ∈ Q,
OPT
inserted at stage s′ ≥ |Ci∗ |, and a pair of points, y ∈ T , x in the inner ring of Ci∗ , s.t. d(x, y) ≤ OPT
2s ≤ 2|Ci∗ | .
Since x ∈ Ci∗ , we deduce from Fact 15, that y ∈ Ci∗ . Therefore, T ⊂ Ci∗ . However, |T | > s/2 ≥ |Ci∗ |/2,
yet contains no inner ring point from Ci∗ . Contradiction.
So denote T as the first component in Q to contain an inner ring point from Ci∗ , and denote that inner
ring point as p. As T is inserted to Q before stage s = |Ci∗ | we have that T is contained in Ci∗ . We deduce
that s < 2|Ci∗ |, as |Ci∗ | ≥ |T | > s/2. Observe that the distance between any two inner ring points is at most
OPT
OPT
2 8|C
∗ <
2s , so when we insert T , we have that all inner ring points are connected to p, so the entire inner
i |
ring is added to T . We deduce that T is a good component and that it is the only good component containing
inner ring points from Ci∗ .
Lemma 17 We do not add to Q more than 8 bad (non-good) components.
Proof: Consider any bad component T that we add to Q and denote that stage in which we insert T to Q as
s. So the size of this component is > 2s . Let y be an arbitrary point from T , and let c∗ be its center in the
target clustering. We show that d(c∗ , y) > OPT
4s .
Suppose C ∗ is a large cluster. Assume that our initial guess is correct, and we start with Q containing p∗
already, where p∗ = arg minp∈C ∗ d(p, c∗ ). Recall that we remove any point that is too close to the points in
OPT
∗
∗
∗ ∗
∗
Q, so OPT
2s < d(y, p ). Therefore, 2s < d(y, c ) + d(c , p ) ≤ 2d(y, c ) and the required follows.
∗
∗
Suppose C is a small cluster. We divide into cases. If s ≥ |C |, we apply the same observation from
Lemma 16, and deduce that T is contained within C ∗ . However, T only contains points from outside the
inner ring of C ∗ so T < |Ci∗ |/2 ≤ s/2. Contradiction. If s < |C ∗ |, we have that the entire inner ring
of Ci∗ already belongs to some T ′ ∈ Q. Let x ∈ T ′ be any inner ring point from C ∗ , and we have that
OPT
OPT
d(c∗ , y) ≥ d(x, y) − d(x, c∗ ) > OPT
2s − 8|Ci∗ | > 4s .
It follows that in either case, the cost of this component, that contains s/2 points, is at least OPT/8.
Hence, we can have no more than 8 such bad components.
6
In the extreme case where |C2∗ | = 1, just replace c∗2 = y with w, the nearest point to y. Clearly y and w now belong
to the same cluster, so the increase in cost is > OPT, yet it is at most d(y, w).

Theorem 18 If our given instance satisfies the 2-property of Voronoi-based approximations, then the algorithm presented in Section B outputs the optimal clustering.
Proof: Suppose our initial guess is correct, and for the l large clusters (l ≤ 63), we picked the point p∗i ∈ Ci∗
which is the closest point to c∗i . Also assume we picked the right k good components in Q. We show that in
this case, we must output a clustering whose cost is ≤ 2OPT. This, combined with the 2-stability property,
gives that we output the target clustering.
Denote the k-points we use as centers as p∗1 , p∗2 , . . . , p∗l , pl+1 , pl+2 , . . . , pk , where the first l points belong
to the large clusters, and the latter k − l belong to the small clusters. For every point x, let p(x) be the center
x is assigned to. Note, in the target clustering, all points from Ci∗ are assignedP
to c∗i . Here, we do not know
that all x ∈ Ci∗ were in fact assigned to the same pi . However, we show that x∈C ∗ d(x, p(x)) ≤ 2OPTi ,
i
thus proving our claim.
∗
∗
First consider the case where Ci is a large cluster. For every x ∈ Ci it holds that d(x, p(x)) ≤
∗
∗
∗
∗ ∗
∗
∗
d(x,
Ppi ) ≤ d(x, ci ) + d(ci , pi ).∗ As pi is the closest point to the center, it follows that d(x, pi ) ≤ 2d(x, ci ),
so x∈C ∗ d(x, p(x)) ≤ 2d(x, ci ) = 2OPTi .
i
NowP
consider a small cluster, Ci∗ . Recall, we pick pi to be a prospective center because pi minimized the
quantity x∈T d(x, pi ). Let p∗i be the point in Ci∗ which is the closest to c∗i . Recall that Ci∗ is small, so p∗i
must belong to the inner ring of Ci∗ and therefore
Imagine a perfect scenario,
where pi =
P
P must belong to T .P
p∗i . Just as shown above, this would imply that x∈C ∗ d(x, p(x)) ≤ x∈C ∗ d(x, p∗i ) ≤ 2 x∈C ∗ d(x, c∗i ) =
i
i
i
2OPTi , and we would be done. P
However, we cannot guaranteePthat pi is indeedP
the closest point to c∗i .
Instead, we break the summation x∈C ∗ d(x, pi ) into two parts: x∈T d(x, pi ) + x∈C ∗ \T d(x, pi ).
i
i
P
we minimized using pi . We already know p∗i belongs
The P
first term, x∈T d(x,
P
P pi ), is the∗very quantity
to T , so x∈T d(x, pi ) ≤ x∈T d(x, pi ) ≤ 2 x∈T d(x, c∗i ). So we now focus on the 2nd term. Since T
OPT
contains all the inner ring points, it follows that Ci∗ \ T contains only points x s.t. d(c∗i , x) > 8|C
∗ . We claim
i|
∗
that pi belongs to the inner ring of Ci . Given this claim, we are done, since we have that
X
X
X
X
X
OPT
d(x, c∗i )+
d(x, c∗i )
d(x, c∗i )+d(c∗i , pi ) =
≤2
d(x, pi ) ≤
d(x, p(x)) ≤
∗
8|Ci |
∗
∗
∗
∗
∗

x∈Ci \T

x∈Ci \T

To see that indeed pi is a point from the inner ring of
is ≤

OPT
64 .

x∈Ci \T

x∈Ci \T

∗
Cin
,

x∈Ci \T

we utilize the fact that a small
o cluster’s cost
OPT
∗
∗
By Markov’s inequality, we have that the set S = x ∈ Ci ; d(ci , x) ≤ 32|C ∗ | contains at least
i

|Ci∗ |/2 many points. Suppose by contradiction that pi does not belong to the inner ring, and we have that
OPT
OPT
OPT
OPT
d(c∗i , pi ) > 8|C
∗ . Thus, for every x ∈ S we have that d(x, pi ) ≥ 8|C ∗ | − 32|C ∗ | > 16|C ∗ | . In such a case,
i|
i
i
i
∗
P
|C |
OPT
OPT
>
2OPT
S alone will contribute to the sum x∈T d(x, pi ) more than 2i · 16|C
∗| =
i . Recall, if we
32
i
P
∗
∗
set pi = pi , we have that this sum is at most 2 x∈T d(x, ci ) ≤ 2OPTi . This contradicts the fact that pi
minimizes the above sum.

B.2 Analysis
For any given guess of l and p1 , p2 , . . . , pl , the algorithm runs in time O(n3 + n2 k 8 ). Hence, the total running
time is O(n67 + n66 k 8 ).
We would like to note, that in contrast to the finite metric, here we have no trivial extension of the
problem to a (1 + α)-stability property of Voronoi-based approximations. Furthermore, getting the 1.999property, or any approximation ratio below 2, seems inherently difficult. The reason why we need the 2 factor
approximation is that by shifting the center of a cluster to its closest data-point, we might double the cost of
the cluster.

