






(a) Part orienting experiment setup (b) Top view

Figure 7.1: Part orienting machine – proof of concept experiment. A robot oscillates the walls

on an inclined surface in a symmetric sinusoid. Parts with high center of mass move upwards

while parts with low center of mass move downwards.

7.1.4 ParkourBot

In order to overcome the problem of pitch change during flight phase, we have implemented a

gyro-stabilizer which increases the inertia of the system to reduce angle rotation. However, the

use of the gyro-stabilizer might not be enough to overcome rotations during impacts resulting

in high torques on the body. This will mostly occur when leg angles are very high or very low,

since the mechanism was designed to make the leg force pass exactly through the CoM only at

30◦ leg angles. We have also added an active gimbal that can be torqued to enable active pitch

control. This too is limited to the point where the gyro hits the gimbal limits. To overcome these

problems we intend to allow active movement of the CoM. If done correctly in conjunction with

leg angle change, the torque during impact can be reduced considerably.
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7.1.5 Closed-loop

In Chapter 3, we have shown how a change in leg length ratio (γ) can alter periodicity and can

result in a period doubling cascade in an open-loop system. In the experimental setup, the leg

angle was changed at the beginning of each experiment. Theoretically, since the leg mass is

negligible, the leg length can be changed during flight phase without altering the dynamics of the

system. This parameter change can be used as another control input in our closed-loop algorithm.

In the closed-loop algorithm in Chapter 6 we have recorded the attractor and its basin of at-

traction, for a number of different controls and environments. The algorithm then found the valid

transitions of controls to arrive at a controller enabling stable transitions to different terrains. In

our setup, the change in wall width occurs independently of the vertical location of the mecha-

nisms. That is, even if the climber climbed downwards but has stabilized into its attractor, the

next wall width change will be executed. We will like to relax this assumption and allow more

natural change in wall width such as a static vertical walls with different wall widths. We intend

to take into account the climbing rate of each attractor and use this information in the planning

stage. Moreover we will use the estimation of the number of steps needed to converge to the

attractor.

In many systems, and specifically in the ParkourBot system, we have observed in simulation

a meta stable motion. In our case these were the period-4 climbing gaits. The planning technique

described in this this thesis did not allow transition to these attractors since they were not stable.

However, in reality the robot was able to leap approximately 20 times before an imminent crash.

This hints that even these non-stable solutions might be beneficial for exploring more planning

possibilities.

The authors in (Seyfarth et al., 2003) have shown how a simple horizontal SLIP bipedal

running model can have a “dead-beat” controller with a simple leg swing. In their work, the

Poincaré map from apex to next apex can be stabilized to a desired height in one step by starting
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to rotate the leg once it reaches apex. We have started investigating the option of using a similar

technique in our ParkourBot. Figure 7.2 shows a preliminary simulation showing that indeed a

similar simple leg sweep can stabilize the mechanism while changing wall width from 54cm to

48cm to 60cm. This method should first be proven and verified experimentally. Moreover, this

method is bounded in its wall width variation per initial leg angle and sweeping velocity. We

can still employ a similar funneling technique as shown in Chapter 6 to enable larger wall width

variations.
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(a) Leg swing schematics
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(b) Simulation results varying wall width

Figure 7.2: Using leg swing method. Jumping in place varying wall width from 54cm to 48cm

to 60cm.

160



7.2 Conclusions

The family of mechanisms explored in this thesis aims to perform stable climbing with minimal

design and control complexities. Unique to these mechanisms is the use of dynamic motions to

achieve this goal. As it stands, these mechanisms can achieve a simple climbing task with simple

design and without any complex controls.

The dynamic motions uniquely used by these mechanisms entail the potential not only to

climb with a low number of actuators, but also to accomplish more complex tasks, such as

overcoming obstacles, and climbing quickly and efficiently. Even in open-loop, the mechanisms

described here, can robustly climb relatively wide range of wall gaps.

To deal with more versatile terrain, we incrementally added complexity to these minimalistic

mechanisms. In particular, we have shown how a priori knowledge of the terrain allows the

DSAC and the ParkourBot to switch between controllers to enable a safe transition of terrains.

This method uses the knowledge gained in the open-loop investigations to find a valid transition

of controls.

One might ask why minimalism is even beneficial. Motors are becoming cheaper, therefore,

why should we want simple design with only a single motor and no complex control? Although

true in some respects, minimalism still provides a huge advantage in others. One example is

when a mechanism is shrunk to small scales. In such cases, complex elements including springs,

bearings, and linear motors are almost impossible to package. However, a mechanism which can

achieve the task using a single revolute motor can be relatively easily miniaturized. This was

initially used in the development of the DTAR mechanism, which we intend to miniaturize even

further.

Another way to appreciate the advantages of minimalism is to consider the difference in

speed between running robots and biological runners. Biological runners are several times faster

than the fastest robotic runner. One reason for this difference is the use of the self stability
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properties in biological locomotion. By using the self stability of the natural system, the need for

fast online feedback is reduced. This motivates the use of self stable (open-loop) mechanisms in

a minimalistic approach as discussed here.

To summarize, the family of dynamic mechanisms analyzed in this thesis serves to exemplify

how dynamic motions can help design mechanisms in a minimalistic way which can achieve re-

sults comparable to other mechanisms with more complex design and control. We have analyzed

the open-loop stability characteristic of the two link DSAC, the miniature tube climbing DTAR

and the spring legged ParkourBot. We have shown how varying control parameters in these

systems changes the climbing motion crucial for their stability. Finally, using these open-loop

stability characteristics, and adding minimal complexity in control enabled the mechanisms to

traverse more complex environments.
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Appendix A

Nondimensionalizing

A.1 Nondimensionalizing differential equations

The use of nondimensionalizing equations of motion is a practical tool in analyzing dynamical

systems. This method can reduce the number of parameters and introduce important nondimen-

sional (unitless) ratios instead of specific parameters.

Nondimensionalisation scales each variable, dependent and independent, by a characteristic

value which results in a nondimensional variable.

This methods has several uses:

1. It creates dimensionless parameters which are ratios of the the differential equation param-

eters.

2. Since the coefficients of the differential equation are dimensionless it allows to compare

terms and find the dominant versus negligible terms.

3. Gives intuition of what should be varied in an experimental setup.

4. Can reduce the number of parameters by up to the number of fundamental units involved

in the equation. In our case of mechanical system, this procedure can reduce by up to three
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parameters corresponding to the following fundamental units: mass, length, and time.

The procedure in nondimensionalizing a differential equation is

1. List all variables including dependant and independent variables.

2. For each variable choose a characteristic parameter in order to define a new, nondimen-

sional variable. As a simple example we will nondimensionalize the differential equation

of a damped mass oscillator with an external force F (Figure A.1).

m
d2x

dt2
+ c

dx

dt
+ kx = F,

where x is the displacement of the mass, c is the damping coefficient, and k is the spring

constant. For the variable x (with units of length [m]) one might choose a general char-

acteristic length (l0). The new nondimensional variable will be x̄ = x
l0

. In case we are

nondimensionalizing a differential equation, we must also nondimensionalize time, in our

example t0. There is no unique way to choose the characteristic parameters. However,

different choices will change the ratios.

3. Rewrite the differential equations with the new nondimensional parameters. Note that in

order to rewrite the derivatives w.r.t time one must use the chain rule. For example: for an

x variable ([m]) and time ([sec]), let us choose characteristic length and time such that the

new nondimensional variable are: x̄ = x
l0

and t̄ = t
t0

. Now the first time derivative of x

w.r.t time is:

dx

dt
=
dx̄l0
dt̄

dt̄

dt
= l0

dx̄

dt̄

1

t0
=
l0
t0

dx̄

dt̄
.

Similarly for the accelerations

d2x

dt2
=

l0
t0

2

d2x̄

dt̄2
.

The derivative is now fully dimensionless and the units are all “outside” of the derivative.

In our example these units are all units of force. The nondimensional differential equation
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Figure A.1: Schematics of damped mass oscillator.

is now converted to

m
l0
t0

2

d2x̄

dt̄2
+ c

l0
t0

dx̄

dt̄
+ kl0x̄ = F,

4. Since all the units are now in the coefficient of the differential equation, dividing the equa-

tions by one of these coefficients will normalize the equations and yield nondimensional

coefficients (or parameters). In our example we will divide by the leftmost coefficient

d2x̄

dt̄2
+
ct0
m

dx̄

dt̄
+
kt0

2

m
x̄ =

Ft0
2

ml0
,

We are now free to choose what the characteristic length and time (l0 and t0) should be.

By picking l0 = F
k

, and t0 =
√

m
k

, we arrive at the final nondimensional equation

d2x̄

dt̄2
+

c√
km

dx̄

dt̄
+ x̄ = 1.

This reduced the number of parameters from four (m, c, k, and F ) to one ( c√
km

). As was

explained above, this is a reduction by the number of fundamental units, in our case three

- time, mass, and length.
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Appendix B

Equations of Motion

B.1 General equations of motion

This section will derive the general equations of motion of the three phases.

B.1.0.1 Free flight phase

Using the Lagrange method the energy must be first found. For that, the kinematics including

the position of the two masses, then velocities are found - see Figure B.1 for symbols.

rm1 =

x+ b1 sin θ

y − b1 cos θ

 , rm2 =

x+ b1 sin θ − b2 sin(θ + φ)

y − b1 sin θ + b2 sin(θ + φ)

 (B.1)

where x, y, θ and φ are time dependant, i.e., x(t), y(t), θ(t) and φ(t).

Velocities of masses:

vm1 =
dr1

dt
=

ẋ+ b1 cos θ θ̇

ẏ + b1 sin θ θ̇

 , vm2 =

ẋ+ b1 cos θ θ̇ − b2 cos(θ − φ)(θ̇ − φ̇)

ẏ + b1 sin θ θ̇ − b2 sin(θ − φ)(θ̇ − φ̇)

 (B.2)

167



Figure B.1: Schematics of two link mechanism climbing between two parallel walls.

The Lagrangian is written as L = T − V where the kinetic and potential energies are1:

T =
1
2

(
m1v

2
m1

+m2v
2
m2

+ I1θ̇
2 + I2(θ̇ + φ̇)2

)
=

1
2

(
I1θ̇

2 +m1

((
ẋ+ b1 cos θθ̇

)2
+
(
ẏ + b1 sin θθ̇

)2
)

+ I2

(
θ̇ + φ̇

)2
+

m2

((
ẋ+ l1 cos θθ̇ − b2 cos θ + φ

(
θ̇ + φ̇

))2
+
(
ẏ + l1 sin θθ̇ − b2 sin θ + φ

(
θ̇ + φ̇

))2
))

(B.3)

V = −m1grm1 −m2grm2 = g (− (b1m1 + l1m2) cos θ + b2m2 cos (θ + φ) + (m1 +m2) y) .

(B.4)

Next, Eq. 2.1 from Sec 2.1is used to find the equations of motion

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 (B.5)

1We note that not all parameters are needed to describe this lagrangian. The number of independent geomet-

ric and mass parameters in the lagrangian can be reduced by two (c.f. Dullin (1994)). From the seven original

parameters (m1, m2, l1, I1, I2, b1, and b2) to five new parameters (I1 + m2l1
2, I2, m2b2l1, m1b1 + m2l1, and

m2b2).
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In matrix form

M(q)q̈ + h(q, q̇) = 0, (B.6)

where

M(q) =


M11 0 M13

0 M22 M23

M31 M32 M33

 , (B.7)

M11 = M22 = m1 +m2,

M13 = M31 + (b1m1 + l1m2) cos θ − b2m2 cos(θ + φ),

M23 = M32 = (b1m1 + l1m2) sin θ − b2m2 sin(θ + φ),

M33 = I1 + I2 + b2
1m1 + (b2

2 + l21)m2 − 2b2l1m2 cosφ.

(B.8)

and

h(q, q̇) =


−b1m1 sin θ θ̇2 +m2(−l1 sin θ θ̇2 + b2 sin(θ − φ)(θ̇ + φ̇)2 − b2 cos(θ + φ)φ̈

g(m1 +m2) + b1m1 cos θ θ̇2 +m2(l1 cos θ θ̇2 − b2 cos(θ + φ)(θ̇ + φ̇)2 + b2 sin(θ + φ)φ̈)

g(b1m1 + l1m2) sin θ − gb2m2 sin(θ + φ) + I2φ̈+ b2m2(l1 sinφ(2θ̇ + φ̇)φ̇+ (b2 − l1 cosφ)φ̈



(B.9)

B.1.0.2 Impact phase

From Sec: 3.1.2.2, conservation of angular momentum around the contact point during impact is

used to calculate the state after impact

θ̇+ =
1

I1 + I2 + b1
2m1 + l1 + b2

2m2 − 2l1b2m2 cos θ−

·
( (

(b1m1 + l1m2) cos θ − b2m2 cos(θ− + φ−)
)
ẋ−

+
(
(b1m1 + l1m2) sin θ− − b2m2 sin(θ− + φ−)

)
ẏ−

+ (I1 + I2 + b1
2m1 + b2

2m2 + l1
2m2 − 2b2l1m2 cosφ−)θ̇−

+ (I2 + b2
2m2 − l1b2m2 cosφ−)(φ̇− − φ̇+)

)
(B.10)
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This last equation can further be simplified by noting that since φ is constraint, φ̇− − φ̇+ = 0,

and θ̇+ reduces to

θ̇+ =
1

I1 + I2 + b1
2m1 + l1 + b2

2m2 − 2l1b2m2 cos θ−

·
( (

(b1m1 + l1m2) cos θ − b2m2 cos(θ− + φ−)
)
ẋ−

+
(
(b1m1 + l1m2) sin θ− − b2m2 sin(θ− + φ−)

)
ẏ−

+ (I1 + I2 + b1
2m1 + b2

2m2 + l1
2m2 − 2b2l1m2 cosφ−)θ̇−

)
.

(B.11)

using this and the flip of coordinates during impact, the entire impact phase map is constructed



x+

y+

θ+

ẋ+

ẏ+

θ̇+


=



− x−

y−

−θ−

0

0

−θ̇+


, (B.12)

where θ̇+ is calculated using Eq. B.11.

B.1.0.3 Stance phase

Using the process described in Section 3.1.2.3, one can find the equations of motion of the

mechanism and the contact forces from the wall. The problem can be decoupled when the leg is

in contact with the wall, while keeping the no rebound, no slip assumption. Only the equations

of motion for the θ, θ̇ must be solved while observing the contact forces to see when they change

sign, corresponding to transition to flight phase. The equation of motion for θ, θ̇ is the last (third)

row of Eq. B.6
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(
I1 + I2 + b2

1m1 + (b2
2 + l21)m2 − 2b2l1m2 cosφ

)
θ̈ + g(b1m1 + l1m2) sin θ

− gb2m2 sin(θ + φ) + I2φ̈+ b2m2(l1 sinφ(2θ̇ + φ̇)φ̇+ (b2 − l1 cosφ)φ̈ = 0, (B.13)

The contact force is calculated using the Lagrange multipliers method. As in Eq. 3.9.

λext(q, q̇) =
(
A(q)M(q)−1A(q)T

)−1
(
Ȧ(q)q̇ − A(q)M(q)−1h(q, q̇)

)
, (B.14)

where A(q) = ( 1 0 0
0 1 0 ) and M(q) and h(q, q̇) are from Eq. B.7 and B.9.

B.2 Nondimensionalisation of the equations of motion

The conversion to nondimensional equations of motion is done by first picking the characteristic

length and time. The characteristic length and time for this non-unique set are dwall and 1
ω

,

respectively. The non-dimensional variables are then converted to

x∗ =
x

dwall
, y∗ =

y

dwall
, θ∗ = θ, φ∗ = φ, τ = ωt. (B.15)

where [.]∗ represents the nondimensional variable and τ is the nondimensional time.

all the dimensional variables are replaced with their non-dimensional counterparts. Switching

the configuration variables is trivial, e.g., x = x∗dwall. In order to find the conversion for the

velocities and acceleration the chain rule is used.

dx

dt
=
dx

dτ

dτ

dt
= dwall

dx∗

dτ

dτ

dt
= ω dwall

dx∗

dτ
dy

dt
=
dy

dτ

dτ

dt
= dwall

dy∗

dτ

dτ

dt
= ω dwall

dy∗

dτ
dθ

dt
=
dθ

dτ

dτ

dt
=
dθ∗

dτ

dτ

dt
= ω

dθ∗

dτ
dφ

dt
=
dφ

dτ

dτ

dt
=
dφ∗

dτ

dτ

dt
= ω

dφ∗

dτ

(B.16)
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Similarly the acceleration variables can be found

d2x

dt2
= ω2 dwall

d2x∗

dτ 2

d2y

dt2
= ω2 dwall

d2y∗

dτ 2

d2θ

dt2
= ω2d

2θ∗

dτ 2

d2φ

dt2
= ω2d

2φ∗

dτ 2

(B.17)

After replacing the dimensional variables of Eq. B.6 with the nondimensional variables from

Eqs. B.15, B.16, and B.17 the equations should be divided by one of the coefficients in order to

normalize the equations. For simplicity we will normalize by M(1, 1). Since the third equation

(corresponding to θ having units of 1
s2 ) is also divided by M(1, 1) (with units of m

s2 ), we need to

also divide this equation by the characteristic length. After these replacement and normalization

we have the nondimensional matrix form of the general flight phase equations of motion

M∗(q∗)q̈∗ + h∗(q∗, q̇∗) = 0, (B.18)

where

M∗(q∗) =


1 0 M∗

13

0 1 M∗
23

M∗
31 M∗

32 M33

 , (B.19)

M∗
13 = M∗

31 + (
δβ

1 + µ
+

δµ

1 + µ
) cos θ − βγµδ

(1 + µ)
cos(θ + φ),

M∗
23 = M∗

32 = (
δβ

1 + µ
+

δµ

1 + µ
) sin θ − βγµδ

(1 + µ)
sin(θ + φ),

M∗
33 = ρ1 + ρ2 +

δ2β2

1 + µ
+ (

γ2µδ2β2

1 + µ
+

δ2µ

1 + µ
)− 2

γµδ2β

1 + µ
cosφ,

(B.20)

and
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h∗(q∗, q̇∗) =



− δβ

1 + µ
sin θ θ̇2 +m2(− δµ

1 + µ
sin θ θ̇2 +

βγµδ

(1 + µ)
sin(θ − φ)(θ̇ + φ̇)2 − βγµδ

(1 + µ)
cos(θ + φ)φ̈

Ω +
δβ

1 + µ
cos θ θ̇2 + (

δµ

1 + µ
cos θ θ̇2 − βγµδ

(1 + µ)
cos(θ + φ)(θ̇ + φ̇)2 +

βγµδ

(1 + µ)
sin(θ + φ)φ̈)

Ω(
δβ

1 + µ
+

δµ

1 + µ
) sin θ − Ω

βγµδ

(1 + µ)
sin(θ + φ) + ρ2φ̈+ ...

...(
γµδ2β

1 + µ
sinφ(2θ̇ + φ̇)φ̇+ (

γ2µδ2β2

1 + µ
− γµδ2β

1 + µ
cosφ)φ̈


,

(B.21)

where the nondimensional parameters are

µ =
m2

m1

, β =
b1

l1
, γ =

b2

b1

, δ =
l1
dwall

,Ω =
g

ω2dwall
, A,

ρ1 =
I1

d2
wall(m1 +m2)

, ρ2 =
I2

d2
wall(m1 +m2)

.

(B.22)

Notice that these nondimensional parameters are not unique, we could have chosen other param-

eters such as m1

m2
.

Using this method the nondimensional equations for the impact phase are

θ̇∗
+

=
1(

(ρ1 + ρ2) + δ2β2

1+µ
+ γ2µδ2β2

1+µ
+ µδ2

1+µ
− 2γµδ

2β
1+µ

cosφ∗
)

·
( δβ

1 + µ
cos θ∗ẋ∗ +

δµ

1 + µ
cos θ∗ẋ∗ − γµδβ

1 + µ
cos θ∗ + φ∗ẋ∗+

δβ

1 + µ
sin θ∗ẏ∗ +

δµ

1 + µ
sin θ∗ẏ∗−

γµδβ

1 + µ
sin θ∗ + φ∗ẏ∗ + ρ1θ̇

∗− + ρ2θ̇
∗− +

δ2β2

1 + µ
θ̇∗−+

γ2µδ2β2

1 + µ
θ̇∗− +

µδ2

1 + µ
θ̇∗− − 2

γµδ2β

1 + µ
cosφ∗θ∗

)
(B.23)

Finally, the nondimensional equation of motion for the stance phase is(
ρ1 + ρ2 +

δ2β2

1 + µ
+ (

γ2µδ2β2

1 + µ
+

δ2µ

1 + µ
)− 2

γµδ2β

1 + µ
cosφ

)
θ̈∗+

Ω(
δβ

1 + µ
+

δµ

1 + µ
) sin θ − Ω

βγµδ

(1 + µ)
sin(θ + φ) + ρ2φ̈+

(
γµδ2β

1 + µ
sinφ(2θ̇ + φ̇)φ̇+ (

γ2µδ2β2

1 + µ
− γµδ2β

1 + µ
cosφ)φ̈ = 0, (B.24)
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